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Elementi di Misure Elettroniche
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Parte 2.1
Proprietà degli strumenti di misura.
Strumenti analogici e numerici.
Strumenti di primo e secondo ordine.
Amperometro, voltmetro, wattmetro analogici. Ohmmetro.
Misure di resistenza: metodo voltamperometrico, metodi a ponte.

Riferimenti:
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	 Cap. 4
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	 Parr. 8.2.1,

P. Fornasini “The Uncertainty in Physical Measurements”, Springer
	 Cap. 3
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Strumenti di misura
• trasformano la quantità da misurare in un’altra, più facilmente 

misurabile (es.: posizione di un indice su una scala graduata, 
un numero su un display, una certa quantità di tacche su un 
display...)

• necessitano pertanto di calibrazione 
• sono caratterizzati da numerose proprietà, fra cui:
– sensibilità
– risoluzione
– accuratezza
– precisione
– linearità
– portata
– prontezza
– condizioni operative
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Strumenti di misura: schema
G: grandezza in ingresso
M: grandezza in uscita
U: unità standard
E: energia

strumentoG M

E

U

Lo strumento effettua un confronto fra la grandezza G con l’unità 
standard U. Il risultato della misurazione, ovvero la misura Γ, viene 
trasformato in un’uscita M facilmente leggibile.
Il tutto richiede energia in ingresso, E.
La catena di operazioni si avvale di sensori, trasduttori, 
amplificatori, etc.
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Generalità per strumenti DC

Grandezza di interesse	 	 	 Strumento

• ddp (ad es., nei nodi)	 →	 	 voltmetri

• correnti	 	 	 	 	 →	 	 amperometri

• resistenze	 	 	 	 →	 	 ohmmetri

Multimetri: uniscono la capacità di misurare differenti grandezze

Analogici vs. Digitali (numerici)

scala graduata display
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Strumenti analogici

• Lettura della misurazione su un indice che si può muovere con continuità su 
una scala graduata (trasformazione del segnale i ingresso in in segnale 
analogico).

• se elettromeccanici:
– Caratteristiche determinate [anche] dal moto dell’equipaggio mobile.
– Assorbono [parte o tutta] l’energia necessaria al funzionamento dal circuito 

sotto esame (strumenti passivi)
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Strumenti digitali (numerici)

• Lettura della misurazione su un display o codifica numerica (trasformazione 
del segnale in ingresso in un numero, leggibile direttamente su un display e/o 
adatto come input per un computer).

• traggono [gran parte del]l’energia necessaria al funzionamento da una sorgente 
esterna al circuito sotto indagine (batteria interna, alimentazione di rete).
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Sensibilità

G: grandezza in ingresso (misurando)
R: risposta dello strumento
     (es.: deviazione di un ago su un indice graduato)

Sensibilità:

S  non è in necessariamente costante con G.

È un parametro relativo all’ingresso

S =
dR

dG
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Risoluzione
G: grandezza in ingresso (misurando)
R: risposta dello strumento
     (es.: deviazione di un ago su un indice graduato)

La risoluzione  è la più piccola variazione ΔG che può essere misurata. 
Corrisponde alla più piccola variazione ΔR che può essere rivelata.

È un parametro relativo all’uscita

Su  uno strumento analogico (v. 
oltre) corrisponde alla frazione 
ragionevolmente apprezzabile 
della distanza fra due tacche.

Su  uno strumento numerico (v. 
oltre) corrisponde al valore del 
digit meno significativo (LSD).

Enrico Silva - diritti riservati - Non è permessa, fra l’altro, l’inclusione anche parziale in altre opere senza il consenso scritto dell’autore

Risoluzione e Sensibilità
Sono grandezze correlate.

negli strumenti analogici, la 
sensibilità è talvolta data come 
inverso della risoluzione, 1/ΔG

aumentare la risoluzione di 
uno strumento numerico → 
aumentare la sensibilità
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Campo di misura (portata)

Intervallo dei valori del misurando per il quale lo strumento è in grado di 
effettuare la misurazione.

Il massimo valore è detto fondo scala.
Il minimo valore è detto soglia.

L’intero intervallo di valori che può essere rappresentato dallo strumento di 
misura è detto dinamica.

La dinamica è la differenza tra la portata e la sensibilità (intesa come 
ampiezza minima dell’ingresso) 
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Accuratezza, precisione, classe

L’accuratezza di uno strumento indica la sua capacità di fornire, per il 
misurando, un valore il più prossimo possibile al “valore atteso”.

La precisione di uno strumento indica la sua capacità di riprodurre il 
medesimo risultato nelle medesime condizioni. Il termine è sovente (e più 
spesso recentemente) sostituito da “riproducibilità” o “ripetibilità”.

Classe: ampiezza della fascia di incertezza, espressa in percentuale del 
fondo scala, valida in ogni punto della scala stessa. In genere viene fornito 
il massimo scostamento fra valore misurato e valore atteso.
Esempio: uno strumento in classe 0.2 ha accuratezza tale da definire un intervallo ±0.2% attorno al 
valore atteso quando misurato al fondo scala.
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Classe di precisione
Classe: ampiezza della fascia di incertezza, espressa in percentuale del fondo scala, valida in 
ogni punto della scala stessa. In genere viene fornito il massimo scostamento fra valore 
misurato e valore atteso.
Esempio: uno strumento in classe 0.2 ha accuratezza tale da definire un intervallo ±0.2% attorno al valore atteso 
quando misurato al fondo scala.

Classi previste dalle norme: 0.05, 0.1, 0.2, 0.3, 0.5, 1, 1.5, 2.5, 3, 5

L’errore assoluto di uno strumento di classe C, portata P, in qualunque punto della scala non 
deve essere superiore a 

Esempio: un amperometro di classe 0.5 e portata 5 A, in qualunque punto della scala non deve avere un errore 
assoluto superiore a [0.5·5/100]A = 25 mA

Incertezza (scarto tipo): data la classe di precisione, si assume una distribuzione rettangolare 
delimitata dai limiti di classe, per cui

NOTA: errore assoluto e scarto tipo hanno stessi valori su tutta la scala, e quindi l’errore 
percentuale è maggiore lontano dal fondo scala

✏ =
C · P
100

u =
✏p
3
=

C · P
100

p
3
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Linearità
Si dice lineare uno strumento in cui la relazione fra il valore 
dell’uscita M  e dell’ingresso G è una relazione lineare:

M = a + c G

per cui le variazioni di M sono proporzionali alle variazioni di G:

ΔM = c ΔG

Esempio.
In questo strumento l’uscita è lo spostamento 
angolare dell’ago.
Quando viene utilizzato come:
Voltmetro o Amperometro	 →	 lineare.

Ohmmetro	 	 	 	 →	 logaritmico
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Limiti di impiego

Intervallo dei valori delle grandezze di influenza entro il quale lo 
strumento mantiene le sue caratteristiche.

Esempi:
– Temperatura (anche dovuta ad autoriscaldamento)
– Umidità
– Posizione (ad es. inclinazione)
– Campi elettrici e magnetici esterni
– Forma d’onda del segnale in ingresso
– Larghezza di banda del segnale in ingresso
– Valore delle tensioni di alimentazione
– ...
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Prontezza
Dà una misura della rapidità con cui lo strumento fornisce il risultato 
della misurazione.

In assenza di un modello matematico dello strumento, è un concetto 
qualitativo.

Esempio. La prontezza di un termometro può essere data in termini del suo tempo 
caratteristico, che diventa un parametro quantitativo essendo noto il modello matematico del 
termometro (andamento esponenziale alla temepratura del bagno termico con cui è in contatto)

Il tempo di misura è il tempo necessario allo strumento per effettuare 
la misurazione e per fornire all’utente il risultato.

È spesso una caratteristica in contrasto con la precisione.

Esempio. Si pensi all’uso di circuiti integratori, o di medie numeriche, per ridurre il rumore
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Strumenti di primo e secondo ordine
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Comportamento dinamico di uno strumento
G(t): misurando, ingresso38 3 Measuring Instruments
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Fig. 3.9. Three particularly important time dependences of physical quantities:
constant (left), Example 3.23; step (center), Example 3.24; sinusoidal (right),
Example 3.25.

Example 3.25. The electric potential di↵erence in domestic distribution net-
works varies sinusoidally in time according to the law V (t) = V

0

sin(2⇡⌫ +�),
where ⌫ = 50Hz in Europe and ⌫ = 60Hz in the USA (Fig. 3.9, right).

When a physical quantity is not constant in time, its measurement re-
quires an instrument able to follow its time variations with suitable speed.
Knowing the dynamical behavior of an instrument means knowing how the
value of the output quantity Z(t) is modified by the variation of the value of
the input quantity X(t).

The above examples 3.23–3.25 refer to quite simple behaviors (constant,
step, and sinusoidal, respectively). Much more complicated time dependences
can be found in the real world. One can, however, demonstrate that periodic
or nonperiodic functions can be expressed as a series (Fourier series) or an
integral (Fourier integral), respectively, of sinusoidal functions of di↵erent fre-
quencies. The relationship connecting the sinusoidal input signal X(t) to the
output signal Z(t) as a function of frequency is called the response function of
an instrument. The knowledge of the response function of an instrument al-
lows one, in principle, to know its dynamic behavior for any time dependence
of the measured quantity.

Mathematical Models of Instruments

Mathematical models of instruments are useful to study the relation between
input values X(t) and output values Z(t).

The simplest case is represented by zero-order instruments, whose math-
ematical model is a relation of direct proportionality between X(t) and Z(t):

a
0

Z = b
0

X , say Z =
b
0

a
0

X . (3.3)

The proportionality constant k = b
0

/a
0

corresponds to the static sensitivity
introduced in Sect. 3.3. According to (3.3), the response Z(t) is instantaneous,
independently of the speed of variation of X(t). A zero-order instrument is
obviously an ideal model; it is, however, a good approximation for instruments

M(t): uscita ?

fe
m
(m
V)

Es. di misurando “DC”! 
(“attacco i puntali”)

Es. di misurando “AC”
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Risposta di ordine zero, uno, due
G(t): ingresso
M(t): uscita

Ordine zero, risposta istantanea. 
Idealizzazione. Adatto per strumenti 
con risposta molto veloce rispetto alal 
variazione di G.

Ordine uno, risposta non istantanea. 
Strumenti di primo ordine

�
dM

dt
+ CM(t) = AG(t)

M(t) = kG(t)

↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

Ordine due, risposta non istantanea. 
Strumenti di secondo ordine. 
Oscillazioni.
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Caso “DC”, ovvero “accensione” 
istantanea del misurando (anche questa è 
un’approssimazione!).

�
dM

dt
+ CM(t) = AG(t)

Risposta di uno strumento di primo ordine
a una sollecitazione a gradino

3.5 Dynamical Behavior of Instruments 41
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The parameters � and !
0

depend on the instrument characteristics. The
parameters Z

0

, Z
1

, Z
2

depend on the initial conditions.
The solutions Z

tr

(t) always contain a damping factor, such as exp(��t).
As a consequence, for t!1, Z

tr

(t)! 0, so that Z(t)! Z
st

(t); the solutions
of homogeneous equations have a transient behavior.

The � parameter measures the quickness of the instrument, say the rate at
which the transient solution dies away and the instrument adjusts its output
to the input quantity. The parameter ⌧ = 1/� has the dimension of time and
is called the time constant of the instrument. The damping factor is often
expressed as exp(�t/⌧).

The stationary solutions Z
st

of the inhomogeneous equations (3.4) and
(3.5) depend on the input function X(t), and describe the asymptotic behav-
ior for t!1.
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Fig. 3.10. Response of a first-order instrument to a step input. Top: two possible
inputs. Bottom: the corresponding outputs (continuous lines).

G

M
M(t) = G+ M̄e��t

� = C/�
È la soluzione dell’omogenea 

associata, dipende dallo 
strumento, non dal misurando

si ottiene imponendo le condizioni al contorno

M̄̄M
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Esempio: immersione di un termometro in un bagno a TG=90°C, provenendo 
dall’ambiente (Tin=20°C). La risposta è la temperatura indicata dal termometro, TM.38 3 Measuring Instruments
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Example 3.25. The electric potential di↵erence in domestic distribution net-
works varies sinusoidally in time according to the law V (t) = V

0

sin(2⇡⌫ +�),
where ⌫ = 50Hz in Europe and ⌫ = 60Hz in the USA (Fig. 3.9, right).

When a physical quantity is not constant in time, its measurement re-
quires an instrument able to follow its time variations with suitable speed.
Knowing the dynamical behavior of an instrument means knowing how the
value of the output quantity Z(t) is modified by the variation of the value of
the input quantity X(t).

The above examples 3.23–3.25 refer to quite simple behaviors (constant,
step, and sinusoidal, respectively). Much more complicated time dependences
can be found in the real world. One can, however, demonstrate that periodic
or nonperiodic functions can be expressed as a series (Fourier series) or an
integral (Fourier integral), respectively, of sinusoidal functions of di↵erent fre-
quencies. The relationship connecting the sinusoidal input signal X(t) to the
output signal Z(t) as a function of frequency is called the response function of
an instrument. The knowledge of the response function of an instrument al-
lows one, in principle, to know its dynamic behavior for any time dependence
of the measured quantity.

Mathematical Models of Instruments

Mathematical models of instruments are useful to study the relation between
input values X(t) and output values Z(t).

The simplest case is represented by zero-order instruments, whose math-
ematical model is a relation of direct proportionality between X(t) and Z(t):

a
0

Z = b
0

X , say Z =
b
0

a
0

X . (3.3)

The proportionality constant k = b
0

/a
0

corresponds to the static sensitivity
introduced in Sect. 3.3. According to (3.3), the response Z(t) is instantaneous,
independently of the speed of variation of X(t). A zero-order instrument is
obviously an ideal model; it is, however, a good approximation for instruments
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Example 3.25. The electric potential di↵erence in domestic distribution net-
works varies sinusoidally in time according to the law V (t) = V

0

sin(2⇡⌫ +�),
where ⌫ = 50Hz in Europe and ⌫ = 60Hz in the USA (Fig. 3.9, right).

When a physical quantity is not constant in time, its measurement re-
quires an instrument able to follow its time variations with suitable speed.
Knowing the dynamical behavior of an instrument means knowing how the
value of the output quantity Z(t) is modified by the variation of the value of
the input quantity X(t).

The above examples 3.23–3.25 refer to quite simple behaviors (constant,
step, and sinusoidal, respectively). Much more complicated time dependences
can be found in the real world. One can, however, demonstrate that periodic
or nonperiodic functions can be expressed as a series (Fourier series) or an
integral (Fourier integral), respectively, of sinusoidal functions of di↵erent fre-
quencies. The relationship connecting the sinusoidal input signal X(t) to the
output signal Z(t) as a function of frequency is called the response function of
an instrument. The knowledge of the response function of an instrument al-
lows one, in principle, to know its dynamic behavior for any time dependence
of the measured quantity.

Mathematical Models of Instruments

Mathematical models of instruments are useful to study the relation between
input values X(t) and output values Z(t).

The simplest case is represented by zero-order instruments, whose math-
ematical model is a relation of direct proportionality between X(t) and Z(t):

a
0

Z = b
0

X , say Z =
b
0

a
0

X . (3.3)

The proportionality constant k = b
0

/a
0

corresponds to the static sensitivity
introduced in Sect. 3.3. According to (3.3), the response Z(t) is instantaneous,
independently of the speed of variation of X(t). A zero-order instrument is
obviously an ideal model; it is, however, a good approximation for instruments

T M
(°
C
)

0 4

TM (0) = Tin

TM (t) = TG + [Tin � TG]e
�t/⌧CV

dTM

dt
+ [TM (t)� TG] = 0

Tin

Risposta di uno strumento di primo ordine
a una sollecitazione a gradino
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Risposta di uno strumento di primo ordine
a una sollecitazione a gradino

Esempio.

La risposta tende asintoticamente al valore di 
regime.

Costante di tempo τ: definisce la risposta 
dello strumento ad un ingresso a gradino

Tempo di risposta (tr = 5τ): tempo impiegato 
dallo strumento per raggiungere il 99% del 

valore di regime

figura: cortesia di A. Scorza
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Strumenti/sistemi di primo ordine

figure: cortesia di A. Scorza

F (t) = kx+ cẋ

V
in

(t) = RI(t) +
Q(t)

C
= R

dQ

dt
+

Q(t)

C
= RC

dV
out

(t)

dt
+ V

out

(t)
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Risposta di uno strumento di secondo ordine
a una sollecitazione a gradino

↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

Funzione di risposta 
trasformando 

secondo Laplace.

Risolvendo 
l’equazione 

differenziale del 
secondo ordine

soluzione

La maggior parte degli strumenti ad ago sono del secondo ordine
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Risposta di uno strumento di secondo ordine
a una sollecitazione a gradino

↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

Risolvendo l’equazione differenziale del secondo ordine, con

G(t) = G0, t > 0

= 0, t  0

La soluzione è la somma di:

• una soluzione particolare Mpart

• la soluzione della omogenea associata: ↵
d2M

dt2
+ �

dM

dt
+ CM(t) = 0
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Risposta di uno strumento di secondo ordine
a una sollecitazione a gradino

↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

fattore di conversione in regime 
continuo

Comportamento asintotico: t → ∞
(a regime tutte le derivate sono nulle)

G(t) = G0, t > 0

= 0, t  0

M1 =
A

C
G0

Questa è una soluzione particolare (verifica immediata).
Resta da risolvere l’omogenea associata
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↵
d2M

dt2
+ �

dM

dt
+ CM(t) = 0 Soluzione dell’omogenea associata: 

scrivendo Mom(t) = Aomemt

si ottiene un’equazione quadratica in m

⇒

!s =

r
C

↵

dove nelle uguaglianze si sono usate le definizioni:

coefficiente di 
smorzamento

�cr = 2
p
↵C

smorzamento 
critico

� =
�

�cr
=

�

2
p
↵C

pulsazione 
propria

Discriminante:

m1,2 = � �

2↵
±
r

�2

4↵2
� C

↵
= !s[�� ±

p
�2 � 1] = � �

2↵
±

p
�

pulsazione propria del sistema smorzato:

!0 = !s

p
�2 � 1� =

�2

4↵2
� C

↵
= !2

s(�
2 � 1) = !2

0
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↵
d2M

dt2
+ �

dM

dt
+ CM(t) = 0

!s =

r
C

↵

�cr = 2
p
↵C

� =
�

�cr
=

�

2
p
↵C

è la pulsazione del sistema non smorzato (β = 0)

m1,2 = � �

2↵
±
r

�2

4↵2
� C

↵
= !s[�� ±

p
�2 � 1] = � �

2↵
±

p
�

!s =

r
C

↵
Mom(t) = Aomemt
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↵
d2M

dt2
+ �

dM

dt
+ CM(t) = 0

�cr = 2
p
↵C

� =
�

�cr
=

�

2
p
↵Cm1,2 = � �

2↵
±
r

�2

4↵2
� C

↵
= !s[�� ±

p
�2 � 1] = � �

2↵
±

p
�

Mom(t) = Aomemt !s =

r
C

↵

⇒ soluzione:Mom(t) = Aomemt

essendo e±ϕ = coshϕ ± sinhϕ

con A0 =
A1 +A2

2
A00 =

A1 �A2

2

M
om

(t) = A1e
m1t +A2e

m2t = e�!s�t
�
A1e

+!0t +A2e
�!0t

�

M
om

(t) = e�!s�t
[A0

cosh(!0t) +A00
sinh(!0t)]
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↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

G(t) = G0, t > 0

= 0, t  0

M1 =
A

C
G0Soluzione asintotica (particolare)

Soluzione dell’omogenea associata:

Integrale generale: 	 M(t) = M∞ + Mom(t)

M
om

(t) = e�!s�t
[A0

cosh(!0t) +A00
sinh(!0t)]

M(t) =
A

C
G0 + e�!s�t

[A0
cosh(!0t) +A00

sinh(!0t)]
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↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

Integrale generale: 	 M(t) = M∞ + Mom(t)

M(t) =
A

C
G0 + e�!s�t

[A0
cosh(!0t) +A00

sinh(!0t)]

Aʹ, Aʺ dalle condizioni iniziali: M(0) = 0 ) A0 = �A

C
G0

M 0(0) = 0 ) A00 = �A

C
G0

!s

!0
�

M(t) =
A

C
G0


1� e�!s�t

✓
cosh(!0t) +

!s

!0
� sinh(!0t)

◆�

G(t) = G0, t > 0

= 0, t  0
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M(t) =
A

C
G0


1� e�!s�t

✓
cosh(!0t) +

!s

!0
� sinh(!0t)

◆�
�cr = 2

p
↵C

� =
�

�cr
=

�

2
p
↵C

!0 = !s

p
�2 � 1

Sovrasmorzamento: γ > 1

!s =

r
C

↵
↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

m1,2 = !s[�� ±
p

�2 � 1]

• m1,2 reali (negative) e distinte
• M(t) è approssimativamente 

esponenziale
• γ determina il tempo con cui
	 M → A/C G0

  (tempo necessario a raggiungere 
l’equilibrio)
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Fig. 4.5 Motion of the
moving coil: a damped
oscillation, b critically
damped and c aperiodic
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• ∆ = 0. Themotion is critically damped. In this case β =
√

4IC and the two roots
of the associate equation are real negative and coincident. The resulting motion is
intermediate between a damped oscillation and an aperiodic motion, see Fig. 4.5
(plot b). For practical reasons, as we shall see, this is the regime of operation
chosen by manufacturers for moving coil ammeters.

Solution of the differential equation of motion. Detailed calculations. In this
section, we elaborate the general solution (4.7) of the differential equation (4.4) to
obtain the details of the different kinds of motion for the different values of the
discriminant ∆.

∆ < 0:Damped oscillation. To ease the notation, we use in the expression (4.7) the
following positions:

a = β

2I
, b =

√
C
I

− β2

4I 2
(4.9)

and we obtain for the equation of motion:

θ(t) = e−at [A1ejbt + A2e−jbt] + θ0 (4.10)

Since θ is a real number, the two constants A1 and A2 must be complex conjugate
numbers: A1 = A′ + jA′′, A2 = A′ − jA′′ (where A′ and A′′ are real numbers). With a
simple mathematical manipulation6 we get the following expression for the function
θ(t):

θ(t) = Ae−at sin(bt + α)+ θ0 (4.11)

6Besides the Euler’s formula, we need the following trigonometric relation:

A1 cos x − A2 sin x = A sin(x + φ) withA =
√
A2

1 + A2
2, φ = − arctan(A2/A1).

γ > 1

M/M∞
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M(t) =
A

C
G0


1� e�!s�t

✓
cosh(!0t) +

!s

!0
� sinh(!0t)

◆�
�cr = 2

p
↵C

� =
�

�cr
=

�

2
p
↵C

!0 = !s

p
�2 � 1

Smorzamento critico: γ = 1

!s =

r
C

↵
↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

m1,2 = !s[�� ±
p

�2 � 1]

• m1,2 reali (negative) e coincidenti
• M raggiunge l’equilibrio nel 

minor tempo possibile
• ωs ~ prontezza
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Fig. 4.5 Motion of the
moving coil: a damped
oscillation, b critically
damped and c aperiodic
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• ∆ = 0. Themotion is critically damped. In this case β =
√

4IC and the two roots
of the associate equation are real negative and coincident. The resulting motion is
intermediate between a damped oscillation and an aperiodic motion, see Fig. 4.5
(plot b). For practical reasons, as we shall see, this is the regime of operation
chosen by manufacturers for moving coil ammeters.

Solution of the differential equation of motion. Detailed calculations. In this
section, we elaborate the general solution (4.7) of the differential equation (4.4) to
obtain the details of the different kinds of motion for the different values of the
discriminant ∆.

∆ < 0:Damped oscillation. To ease the notation, we use in the expression (4.7) the
following positions:

a = β

2I
, b =

√
C
I

− β2

4I 2
(4.9)

and we obtain for the equation of motion:

θ(t) = e−at [A1ejbt + A2e−jbt] + θ0 (4.10)

Since θ is a real number, the two constants A1 and A2 must be complex conjugate
numbers: A1 = A′ + jA′′, A2 = A′ − jA′′ (where A′ and A′′ are real numbers). With a
simple mathematical manipulation6 we get the following expression for the function
θ(t):

θ(t) = Ae−at sin(bt + α)+ θ0 (4.11)

6Besides the Euler’s formula, we need the following trigonometric relation:

A1 cos x − A2 sin x = A sin(x + φ) withA =
√
A2

1 + A2
2, φ = − arctan(A2/A1).

M/M∞

γ = 1

M(t) =
A

C
G0

⇥
1� e�!s�t (1 + !st)

⇤
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M(t) =
A

C
G0


1� e�!s�t

✓
cosh(!0t) +

!s

!0
� sinh(!0t)

◆�
�cr = 2

p
↵C

� =
�

�cr
=

�

2
p
↵C

!0 = !s

p
�2 � 1

Sottosmorzamento: γ < 1

!s =

r
C

↵
↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

m1,2 = !s[�� ±
p

�2 � 1]

• m1,2 immaginarie e distinte
• ω0 → iω0ʹ
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• ∆ = 0. Themotion is critically damped. In this case β =
√

4IC and the two roots
of the associate equation are real negative and coincident. The resulting motion is
intermediate between a damped oscillation and an aperiodic motion, see Fig. 4.5
(plot b). For practical reasons, as we shall see, this is the regime of operation
chosen by manufacturers for moving coil ammeters.

Solution of the differential equation of motion. Detailed calculations. In this
section, we elaborate the general solution (4.7) of the differential equation (4.4) to
obtain the details of the different kinds of motion for the different values of the
discriminant ∆.

∆ < 0:Damped oscillation. To ease the notation, we use in the expression (4.7) the
following positions:

a = β

2I
, b =

√
C
I

− β2

4I 2
(4.9)

and we obtain for the equation of motion:

θ(t) = e−at [A1ejbt + A2e−jbt] + θ0 (4.10)

Since θ is a real number, the two constants A1 and A2 must be complex conjugate
numbers: A1 = A′ + jA′′, A2 = A′ − jA′′ (where A′ and A′′ are real numbers). With a
simple mathematical manipulation6 we get the following expression for the function
θ(t):

θ(t) = Ae−at sin(bt + α)+ θ0 (4.11)

6Besides the Euler’s formula, we need the following trigonometric relation:

A1 cos x − A2 sin x = A sin(x + φ) withA =
√
A2

1 + A2
2, φ = − arctan(A2/A1).

M/M∞
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M(t) =
A

C
G0


1� e�!s�t

✓
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From the earlier analysis, we observe several important properties of D’Arsonval 
meters used as voltmeters. First, they require an SS current to produce a reading. This 
current must come from the CUT. Practical full-scale current is typically 20–50 mA, 
although special, sensitive D’Arsonval meter movements with torsion spring suspen-
sions have been built with full-scale currents of 1 μA or less. To obtain greater voltmeter 
sensitivity, we see from Equation 8.17 that we must increase KT = BNA. Meter size and 
cost are design considerations. B is set by the state of the art and cost of permanent mag-
nets available. A is set by size considerations and N by the maximum tolerable mass and 
moment of inertia of the coil. Too high a mass will give problems with bearings and coil 
suspension, a high J will result in an underdamped transient response and long settling 
time. Likewise, increased sensitivity reached by making the torsion spring constant, KS, 
small will also give low damping. Second, the total resistance in the circuit, RT, is set by 
the voltmeter’s sensitivity and the desired full-scale voltage. From the relations men-
tioned earlier, we see that

 
V R R R R IFS

S C T
T MFS= + = =

η η
.  (8.18)
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FIGURE 8.6
Mechanical response of a D’Arsonval meter to an applied step of voltage. Different damping factors are shown. 
0.7 ≤ ξ ≤ 1 gives the best compromise between rise time and no overshoots.

γ

γ

γ

ωs t

M
/M

∞

Uno strumento per risposte a un 
segnale a gradino (DC) sarà 
progettato poco 
sottosmorzato, 1≥γ >0.7

• tempi rapidi di 
raggiungimento dell’equilibrio

• modesta sovraelongazione
• percezione visiva 

dell’avvicinamento 
all’equilibrio

• ridotto effetto degli attriti 
rispetto al sovrasmorzamento

Figura adattata da R. B. Northrop “Introduction to Instrumentation and Measurements”, 3rd ed., CRC Press
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Fig. 4.5 Motion of the
moving coil: a damped
oscillation, b critically
damped and c aperiodic
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• ∆ = 0. Themotion is critically damped. In this case β =
√

4IC and the two roots
of the associate equation are real negative and coincident. The resulting motion is
intermediate between a damped oscillation and an aperiodic motion, see Fig. 4.5
(plot b). For practical reasons, as we shall see, this is the regime of operation
chosen by manufacturers for moving coil ammeters.

Solution of the differential equation of motion. Detailed calculations. In this
section, we elaborate the general solution (4.7) of the differential equation (4.4) to
obtain the details of the different kinds of motion for the different values of the
discriminant ∆.

∆ < 0:Damped oscillation. To ease the notation, we use in the expression (4.7) the
following positions:

a = β

2I
, b =

√
C
I

− β2

4I 2
(4.9)

and we obtain for the equation of motion:

θ(t) = e−at [A1ejbt + A2e−jbt] + θ0 (4.10)

Since θ is a real number, the two constants A1 and A2 must be complex conjugate
numbers: A1 = A′ + jA′′, A2 = A′ − jA′′ (where A′ and A′′ are real numbers). With a
simple mathematical manipulation6 we get the following expression for the function
θ(t):

θ(t) = Ae−at sin(bt + α)+ θ0 (4.11)

6Besides the Euler’s formula, we need the following trigonometric relation:

A1 cos x − A2 sin x = A sin(x + φ) withA =
√
A2

1 + A2
2, φ = − arctan(A2/A1).
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M(t) =
A

C
G0


1� e�!s�t

✓
cosh(!0t) +

!s

!0
� sinh(!0t)

◆�

!0 = !s

p
�2 � 1

↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)

M/M∞

γ < 1
γ = 1

γ > 1

la conoscenza di ωs e γ determina 
il comportamento di uno 

strumento del secondo ordine
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Risposta in frequenza –Andamento della fase della FDT
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Risposta in frequenza –Andamento della fase della FDT
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L’andamento della fase 
nell’intorno di ζ = 0,7, nel 
campo di frequenze che 
vanno dalla corrente continua 
fino alla pulsazione di 
risonanza ω/ωn = 1, è 
pressoché lineare. In questo 
campo di frequenze le fasi 
sono negative; ciò vuol dire 
che la grandezza in uscita allo 
strumento è in ritardo rispetto 
al segnale in ingresso.
(cioè, in un sistema fisico la 
risposta segue l’ingresso)

71

Requisiti dinamici di uno strumento indicatore

• Uno strumento indicatore deve assumere rapidamente la sua 
posizione di regime, senza oscillazioni eccessive intorno ad 
essa, anche quando la coppia motrice sia applicata bruscamente 
(al limite, ingresso a gradino)

• Dall’andamento della risposta al gradino, si è visto che per un 
sistema del secondo ordine si hanno delle condizioni di 
smorzamento che consentono di raggiungere la situazione di 
regime senza oscillazioni o in un tempo minimo.

• Le norme tuttavia ammettono che l’indice compia una 
sovraelongazione e che abbia un moto oscillatorio; questo 
perché in questo modo si può verificare se l’indice sia libero di 
muoversi o se risulta frenato da qualche causa accidentale 

72

Requisiti dinamici di uno strumento indicatore

Le norme ammettono che l’indice compia 
una sovraelongazione non superiore al 30% 
del valore finale e che compia un moto 
oscillatorio la cui ampiezza sia non superiore 
allo 0,75% del valore finale dopo 4 secondi 

Figura cortesia prof. S. Nuccio, Palermo
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the position of the user’s eye. The measurement is often invasive, because 
such mechanisms may need relatively large power consumption to cause the 
movement. Thus, electromechanical voltmeters exhibit insufficiently large 
resistance, while the resistance of electromechanical ammeters is not 
sufficiently small.  

There is no doubt that the future is for automatic, computer supported 
measuring systems. But electromechanical instruments are still present in our 
lives (for example the attempts to substitute such instruments in cars finished 
with not a success). Moreover without understanding of the principles of old 
analogue measuring methods it can be difficult to understand usually more 
complicated digital instruments which often use traditional principles of 
operation. This chapter is called “Classic Electrical Measurements” as 
analogy to the classical music – old classical music is still appreciated and 
present but it is rather closed era of the history of music. Similarly, classic 
measurements are still present in our life, and the progress is observed 
mostly in more modern measuring techniques. 

3.1.2 The moving coil meters

The moving coil instrument is the most popular indicating 
electromechanical device. An example of such an instrument is presented in 
Fig. 3.1. 

Figure 3.1. The example of moving coil indicating instrument (1- moving coil, 2 – 
permanent magnet, 3 – axle, 4 – pointer, 5 – bearings, 6 – spring, 7 – correction of 
zero)

A rectangular coil with the pointer fixed to its axle is used as the moving 
part in such instruments. The conic ends of axles are pressed against the 
bearings. The current is delivered to the coil by two springs – these springs 
are also used as the mechanisms generating returning torque for the pointer.  

1– bobina mobile
2– magnete permanente
3– asse di rotazione
4– ago indicatore
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5– cuscinetti
6– molla
7– correzione di zero
8– nucleo di ferro dolce
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(a) (b)

Fig. 4.4 Schematization of the moving coil ammeter: a section of the air gap of the permanent
magnet with the soft iron core around which the coil can rotate; note that in this gap the B field is
radial and of constant amplitude. Therefore, the torque on the coil does not depend on θ . In b, we
show a perspective view of the instrument

4.3.1 Moving Coil Ammeter

This instrument, also known as D’Arsonval’s ammeter from the name of its inventor,3

consists of a coil immersed in a radial magnetic field generated by a permanent magnet
of a suitable shape and a soft iron cylinder placed in the air gap of this magnet. In the
space between the magnet and the cylinder, the magnetic induction fieldB is radial in
direction (relative to the center of the cylinder) and constant in module. The coil can
rotate around the axis of the soft iron cylinder, perpendicular to the direction of the
magnetic field, see Fig. 4.4a. The elastic force generated by a spiral spring maintains
the coil in a stable rest position, as shown in Fig. 4.4b. The coil supports an index to
measure its angular position θ on a linear scale.

When an electric current of intensity I flows in the coil (consisting of n turns of
area S = hd), it generates a mechanical torque, directed along the rotation axis and
not dependent on θ , whose module is given by:

M = n hd B I = Φ∗I (4.2)

where we used4 Φ∗ = nhdB. The previous equation shows that the mechanical
torque generated by the current flowing through the coil is directly proportional to
its intensity. This torque causes a rotation of the coil until a new equilibrium position
is reached where the elastic torque due to the spring balances it. Since the elastic
torque of spiral spring is given by −Cθ , where θ is the rotation angle and C a constant,
the new equilibrium position is given by:

θ0 = Φ∗

C
I (4.3)

3This instrument is also known under the name of D’Arsonval’s galvanometer. The name gal-
vanometer, until the early years of last century, was used to indicate the most sensitive instruments
for measuring electric currents.
4Φ∗ is the flux linked with the n turns of the coil when immersed in a uniform field of magnetic
induction B perpendicular to its surface.
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magnet with the soft iron core around which the coil can rotate; note that in this gap the B field is
radial and of constant amplitude. Therefore, the torque on the coil does not depend on θ . In b, we
show a perspective view of the instrument

4.3.1 Moving Coil Ammeter

This instrument, also known as D’Arsonval’s ammeter from the name of its inventor,3

consists of a coil immersed in a radial magnetic field generated by a permanent magnet
of a suitable shape and a soft iron cylinder placed in the air gap of this magnet. In the
space between the magnet and the cylinder, the magnetic induction fieldB is radial in
direction (relative to the center of the cylinder) and constant in module. The coil can
rotate around the axis of the soft iron cylinder, perpendicular to the direction of the
magnetic field, see Fig. 4.4a. The elastic force generated by a spiral spring maintains
the coil in a stable rest position, as shown in Fig. 4.4b. The coil supports an index to
measure its angular position θ on a linear scale.

When an electric current of intensity I flows in the coil (consisting of n turns of
area S = hd), it generates a mechanical torque, directed along the rotation axis and
not dependent on θ , whose module is given by:

M = n hd B I = Φ∗I (4.2)

where we used4 Φ∗ = nhdB. The previous equation shows that the mechanical
torque generated by the current flowing through the coil is directly proportional to
its intensity. This torque causes a rotation of the coil until a new equilibrium position
is reached where the elastic torque due to the spring balances it. Since the elastic
torque of spiral spring is given by −Cθ , where θ is the rotation angle and C a constant,
the new equilibrium position is given by:

θ0 = Φ∗

C
I (4.3)

3This instrument is also known under the name of D’Arsonval’s galvanometer. The name gal-
vanometer, until the early years of last century, was used to indicate the most sensitive instruments
for measuring electric currents.
4Φ∗ is the flux linked with the n turns of the coil when immersed in a uniform field of magnetic
induction B perpendicular to its surface.
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2

2

4

3

6

• Campo B radiale nella gap di aria, |B|= cost.
• Bobina di n avvolgimenti e area S.
• la molla mantiene il sistema in equilibrio.
• Scorre I nella bobina → coppia meccanica
• la deflessione θ misura I.

8

8
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(a) (b)

Fig. 4.4 Schematization of the moving coil ammeter: a section of the air gap of the permanent
magnet with the soft iron core around which the coil can rotate; note that in this gap the B field is
radial and of constant amplitude. Therefore, the torque on the coil does not depend on θ . In b, we
show a perspective view of the instrument

4.3.1 Moving Coil Ammeter

This instrument, also known as D’Arsonval’s ammeter from the name of its inventor,3

consists of a coil immersed in a radial magnetic field generated by a permanent magnet
of a suitable shape and a soft iron cylinder placed in the air gap of this magnet. In the
space between the magnet and the cylinder, the magnetic induction fieldB is radial in
direction (relative to the center of the cylinder) and constant in module. The coil can
rotate around the axis of the soft iron cylinder, perpendicular to the direction of the
magnetic field, see Fig. 4.4a. The elastic force generated by a spiral spring maintains
the coil in a stable rest position, as shown in Fig. 4.4b. The coil supports an index to
measure its angular position θ on a linear scale.

When an electric current of intensity I flows in the coil (consisting of n turns of
area S = hd), it generates a mechanical torque, directed along the rotation axis and
not dependent on θ , whose module is given by:

M = n hd B I = Φ∗I (4.2)

where we used4 Φ∗ = nhdB. The previous equation shows that the mechanical
torque generated by the current flowing through the coil is directly proportional to
its intensity. This torque causes a rotation of the coil until a new equilibrium position
is reached where the elastic torque due to the spring balances it. Since the elastic
torque of spiral spring is given by −Cθ , where θ is the rotation angle and C a constant,
the new equilibrium position is given by:

θ0 = Φ∗

C
I (4.3)

3This instrument is also known under the name of D’Arsonval’s galvanometer. The name gal-
vanometer, until the early years of last century, was used to indicate the most sensitive instruments
for measuring electric currents.
4Φ∗ is the flux linked with the n turns of the coil when immersed in a uniform field of magnetic
induction B perpendicular to its surface.
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• Campo B radiale nella gap di aria, |B|= cost.
• Bobina di n avvolgimenti e area S=hd.
• la molla mantiene il sistema in equilibrio.
• Scorre I nella bobina → coppia meccanica
• la deflessione θ misura I.

Scorre I, allora la coppia meccanica vale
con Φ* = n S B 
(B radiale: F sul lato di una spira perpendicolare al foglio vale F = I h × B = I h B, non dipende da θ)

M = nISB = �⇤I

La coppia meccanica determina una deflessione θ, la molla 
esercita una coppia di richiamo – Cθ.
All’equilibrio,             – Cθ0 = 0         ⇒       θ0 = [Φ*/C] IM
Lo spostamento angolare (dopo una opportuna calibrazione) è una misura della corrente 
che fluisce nell’amperometro.
È uno strumento lineare.

Sensibilità: Samp =
@✓

@I
=

�⇤

C
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(a) (b)

Fig. 4.4 Schematization of the moving coil ammeter: a section of the air gap of the permanent
magnet with the soft iron core around which the coil can rotate; note that in this gap the B field is
radial and of constant amplitude. Therefore, the torque on the coil does not depend on θ . In b, we
show a perspective view of the instrument

4.3.1 Moving Coil Ammeter

This instrument, also known as D’Arsonval’s ammeter from the name of its inventor,3

consists of a coil immersed in a radial magnetic field generated by a permanent magnet
of a suitable shape and a soft iron cylinder placed in the air gap of this magnet. In the
space between the magnet and the cylinder, the magnetic induction fieldB is radial in
direction (relative to the center of the cylinder) and constant in module. The coil can
rotate around the axis of the soft iron cylinder, perpendicular to the direction of the
magnetic field, see Fig. 4.4a. The elastic force generated by a spiral spring maintains
the coil in a stable rest position, as shown in Fig. 4.4b. The coil supports an index to
measure its angular position θ on a linear scale.

When an electric current of intensity I flows in the coil (consisting of n turns of
area S = hd), it generates a mechanical torque, directed along the rotation axis and
not dependent on θ , whose module is given by:

M = n hd B I = Φ∗I (4.2)

where we used4 Φ∗ = nhdB. The previous equation shows that the mechanical
torque generated by the current flowing through the coil is directly proportional to
its intensity. This torque causes a rotation of the coil until a new equilibrium position
is reached where the elastic torque due to the spring balances it. Since the elastic
torque of spiral spring is given by −Cθ , where θ is the rotation angle and C a constant,
the new equilibrium position is given by:

θ0 = Φ∗

C
I (4.3)

3This instrument is also known under the name of D’Arsonval’s galvanometer. The name gal-
vanometer, until the early years of last century, was used to indicate the most sensitive instruments
for measuring electric currents.
4Φ∗ is the flux linked with the n turns of the coil when immersed in a uniform field of magnetic
induction B perpendicular to its surface.
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Comportamento dinamico

M = nISB = �⇤I

coppia di richiamo: –Cθ

coppia di smorzamento viscoso: –βθ·

dovuta alle correnti parassite date dalla fem indotta: il flusso attraverso la bobina è (il 

campo è radiale solo nella gap) φ = Φ*θ,  e quindi

La corrente diventa (R: resistenza del circuito in cui è inserito l’amperometro) I–ƒ/R

per cui la coppia

NOTA: la coppia di smorzamento viscoso dipende dal circuito in esame, e quindi il 
medesimo strumento potrà cambiare smorzamento a seconda del circuito (v. oltre), anche 
a parità di range 

f = �d�

dt
= ��⇤✓̇

M = �⇤
✓
I � f

R

◆
= �⇤I � �⇤2

✓̇

R



Enrico Silva - diritti riservati - Non è permessa, fra l’altro, l’inclusione anche parziale in altre opere senza il consenso scritto dell’autore

Amperometro a bobina mobile84 4 Direct Current Electrical Measurements

(a) (b)

Fig. 4.4 Schematization of the moving coil ammeter: a section of the air gap of the permanent
magnet with the soft iron core around which the coil can rotate; note that in this gap the B field is
radial and of constant amplitude. Therefore, the torque on the coil does not depend on θ . In b, we
show a perspective view of the instrument

4.3.1 Moving Coil Ammeter

This instrument, also known as D’Arsonval’s ammeter from the name of its inventor,3

consists of a coil immersed in a radial magnetic field generated by a permanent magnet
of a suitable shape and a soft iron cylinder placed in the air gap of this magnet. In the
space between the magnet and the cylinder, the magnetic induction fieldB is radial in
direction (relative to the center of the cylinder) and constant in module. The coil can
rotate around the axis of the soft iron cylinder, perpendicular to the direction of the
magnetic field, see Fig. 4.4a. The elastic force generated by a spiral spring maintains
the coil in a stable rest position, as shown in Fig. 4.4b. The coil supports an index to
measure its angular position θ on a linear scale.

When an electric current of intensity I flows in the coil (consisting of n turns of
area S = hd), it generates a mechanical torque, directed along the rotation axis and
not dependent on θ , whose module is given by:

M = n hd B I = Φ∗I (4.2)

where we used4 Φ∗ = nhdB. The previous equation shows that the mechanical
torque generated by the current flowing through the coil is directly proportional to
its intensity. This torque causes a rotation of the coil until a new equilibrium position
is reached where the elastic torque due to the spring balances it. Since the elastic
torque of spiral spring is given by −Cθ , where θ is the rotation angle and C a constant,
the new equilibrium position is given by:

θ0 = Φ∗

C
I (4.3)

3This instrument is also known under the name of D’Arsonval’s galvanometer. The name gal-
vanometer, until the early years of last century, was used to indicate the most sensitive instruments
for measuring electric currents.
4Φ∗ is the flux linked with the n turns of the coil when immersed in a uniform field of magnetic
induction B perpendicular to its surface.
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Dimostrazione di φ = Φ*θ

φ : flusso concatenato alla bobina

φ1 : flusso concatenato a una spira 

φ = n φ1

Φ*= hd B

Teorema di Gauss per B. Φ(B) = 0. Si prenda la superficie con pareti date da una spira, dal 
semicilindro di raggio r=d/2 e altezza h, e dalle due basi semicilindriche (vista in sezione, 
contorno in rosso). Pertanto φ1 = φemicilindro

Il flusso attraverso la parete emicilindrica φemicilindro è dato dal solo flusso attraverso la parte in 
blu della parete emicilindrica, di ampiezza 2θ: attraverso la restante parte della parete vi sono 
contributi eguali in modulo ma opposti in segno.
Poiché il campo B è radiale, φemicilindro = sup. emicilindro · B = h 2 rθ B.
Quindi φ1 = h 2 rθ B da cui φ = Φ*θ

)θθ (
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(a) (b)

Fig. 4.4 Schematization of the moving coil ammeter: a section of the air gap of the permanent
magnet with the soft iron core around which the coil can rotate; note that in this gap the B field is
radial and of constant amplitude. Therefore, the torque on the coil does not depend on θ . In b, we
show a perspective view of the instrument

4.3.1 Moving Coil Ammeter

This instrument, also known as D’Arsonval’s ammeter from the name of its inventor,3

consists of a coil immersed in a radial magnetic field generated by a permanent magnet
of a suitable shape and a soft iron cylinder placed in the air gap of this magnet. In the
space between the magnet and the cylinder, the magnetic induction fieldB is radial in
direction (relative to the center of the cylinder) and constant in module. The coil can
rotate around the axis of the soft iron cylinder, perpendicular to the direction of the
magnetic field, see Fig. 4.4a. The elastic force generated by a spiral spring maintains
the coil in a stable rest position, as shown in Fig. 4.4b. The coil supports an index to
measure its angular position θ on a linear scale.

When an electric current of intensity I flows in the coil (consisting of n turns of
area S = hd), it generates a mechanical torque, directed along the rotation axis and
not dependent on θ , whose module is given by:

M = n hd B I = Φ∗I (4.2)

where we used4 Φ∗ = nhdB. The previous equation shows that the mechanical
torque generated by the current flowing through the coil is directly proportional to
its intensity. This torque causes a rotation of the coil until a new equilibrium position
is reached where the elastic torque due to the spring balances it. Since the elastic
torque of spiral spring is given by −Cθ , where θ is the rotation angle and C a constant,
the new equilibrium position is given by:

θ0 = Φ∗

C
I (4.3)

3This instrument is also known under the name of D’Arsonval’s galvanometer. The name gal-
vanometer, until the early years of last century, was used to indicate the most sensitive instruments
for measuring electric currents.
4Φ∗ is the flux linked with the n turns of the coil when immersed in a uniform field of magnetic
induction B perpendicular to its surface.
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Comportamento dinamico

M = nISB = �⇤I

coppia di richiamo: –Cθ

coppia di smorzamento viscoso: –βθ·

I ✓̈ + �✓̇ + C✓ = �⇤I
momento di 
inerzia della 

bobina mobile
Strumento del secondo ordine:

↵
d2M

dt2
+ �

dM

dt
+ CM(t) = AG(t)
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(a) (b)

Fig. 4.4 Schematization of the moving coil ammeter: a section of the air gap of the permanent
magnet with the soft iron core around which the coil can rotate; note that in this gap the B field is
radial and of constant amplitude. Therefore, the torque on the coil does not depend on θ . In b, we
show a perspective view of the instrument

4.3.1 Moving Coil Ammeter

This instrument, also known as D’Arsonval’s ammeter from the name of its inventor,3

consists of a coil immersed in a radial magnetic field generated by a permanent magnet
of a suitable shape and a soft iron cylinder placed in the air gap of this magnet. In the
space between the magnet and the cylinder, the magnetic induction fieldB is radial in
direction (relative to the center of the cylinder) and constant in module. The coil can
rotate around the axis of the soft iron cylinder, perpendicular to the direction of the
magnetic field, see Fig. 4.4a. The elastic force generated by a spiral spring maintains
the coil in a stable rest position, as shown in Fig. 4.4b. The coil supports an index to
measure its angular position θ on a linear scale.

When an electric current of intensity I flows in the coil (consisting of n turns of
area S = hd), it generates a mechanical torque, directed along the rotation axis and
not dependent on θ , whose module is given by:

M = n hd B I = Φ∗I (4.2)

where we used4 Φ∗ = nhdB. The previous equation shows that the mechanical
torque generated by the current flowing through the coil is directly proportional to
its intensity. This torque causes a rotation of the coil until a new equilibrium position
is reached where the elastic torque due to the spring balances it. Since the elastic
torque of spiral spring is given by −Cθ , where θ is the rotation angle and C a constant,
the new equilibrium position is given by:

θ0 = Φ∗

C
I (4.3)

3This instrument is also known under the name of D’Arsonval’s galvanometer. The name gal-
vanometer, until the early years of last century, was used to indicate the most sensitive instruments
for measuring electric currents.
4Φ∗ is the flux linked with the n turns of the coil when immersed in a uniform field of magnetic
induction B perpendicular to its surface.
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Comportamento dinamico

I ✓̈ + �✓̇ + C✓ = �⇤I
Strumento del secondo ordine:

↵
d2M

dt2
+ �

dM
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Fig. 4.5 Motion of the
moving coil: a damped
oscillation, b critically
damped and c aperiodic
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• ∆ = 0. Themotion is critically damped. In this case β =
√

4IC and the two roots
of the associate equation are real negative and coincident. The resulting motion is
intermediate between a damped oscillation and an aperiodic motion, see Fig. 4.5
(plot b). For practical reasons, as we shall see, this is the regime of operation
chosen by manufacturers for moving coil ammeters.

Solution of the differential equation of motion. Detailed calculations. In this
section, we elaborate the general solution (4.7) of the differential equation (4.4) to
obtain the details of the different kinds of motion for the different values of the
discriminant ∆.

∆ < 0:Damped oscillation. To ease the notation, we use in the expression (4.7) the
following positions:

a = β

2I
, b =

√
C
I

− β2

4I 2
(4.9)

and we obtain for the equation of motion:

θ(t) = e−at [A1ejbt + A2e−jbt] + θ0 (4.10)

Since θ is a real number, the two constants A1 and A2 must be complex conjugate
numbers: A1 = A′ + jA′′, A2 = A′ − jA′′ (where A′ and A′′ are real numbers). With a
simple mathematical manipulation6 we get the following expression for the function
θ(t):

θ(t) = Ae−at sin(bt + α)+ θ0 (4.11)

6Besides the Euler’s formula, we need the following trigonometric relation:

A1 cos x − A2 sin x = A sin(x + φ) withA =
√
A2

1 + A2
2, φ = − arctan(A2/A1).

θ(t)/θ∞

γ < 1 γ = 1
γ > 1

✓1 =
�⇤

C
I � =

�

2
p
IC

γ compete con sensibilità:

C piccolo
– alta sensibilità
– grande smorzamento!
– piccola prontezza!

Samp =
�⇤

C

!s =

r
C

I

bobina: di piccolo momento di inerzia
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1. la sollecitazione è data dalla corrente che circola nelle spire della bobina.
2. la risposta è data da θ ∝ I.
3. la sensibilità è costante: 
4. la portata è data da Imax = θmax / S, oltre tale deflessione la risposta non è più quella prevista e lo 

strumento può danneggiarsi. La grandezza Imax–1 è spesso chiamata sensibilità dell’amperometro 
(impropriamente). Valori tipici: 20 kΩ/V, ovvero Imax = 50 μA.

5. L’incertezza dovuta alla sensibilità è costante, quindi l’incertezza percentuale è minima vicino al 
fondoscala.

6. Aumentare il numero di spire nella bobina aumenta la sensibilità S (aumenta Φ*), ma aumenta 
anche la resistenza interna dell’amperometro.

7. L’equilibrio si raggiunge in un tempo ~ 1÷2 s (“lento”)
8. la corrente può scorrere in un solo verso! 

Amperometro a bobina mobile84 4 Direct Current Electrical Measurements

(a) (b)

Fig. 4.4 Schematization of the moving coil ammeter: a section of the air gap of the permanent
magnet with the soft iron core around which the coil can rotate; note that in this gap the B field is
radial and of constant amplitude. Therefore, the torque on the coil does not depend on θ . In b, we
show a perspective view of the instrument

4.3.1 Moving Coil Ammeter

This instrument, also known as D’Arsonval’s ammeter from the name of its inventor,3

consists of a coil immersed in a radial magnetic field generated by a permanent magnet
of a suitable shape and a soft iron cylinder placed in the air gap of this magnet. In the
space between the magnet and the cylinder, the magnetic induction fieldB is radial in
direction (relative to the center of the cylinder) and constant in module. The coil can
rotate around the axis of the soft iron cylinder, perpendicular to the direction of the
magnetic field, see Fig. 4.4a. The elastic force generated by a spiral spring maintains
the coil in a stable rest position, as shown in Fig. 4.4b. The coil supports an index to
measure its angular position θ on a linear scale.

When an electric current of intensity I flows in the coil (consisting of n turns of
area S = hd), it generates a mechanical torque, directed along the rotation axis and
not dependent on θ , whose module is given by:

M = n hd B I = Φ∗I (4.2)

where we used4 Φ∗ = nhdB. The previous equation shows that the mechanical
torque generated by the current flowing through the coil is directly proportional to
its intensity. This torque causes a rotation of the coil until a new equilibrium position
is reached where the elastic torque due to the spring balances it. Since the elastic
torque of spiral spring is given by −Cθ , where θ is the rotation angle and C a constant,
the new equilibrium position is given by:

θ0 = Φ∗

C
I (4.3)

3This instrument is also known under the name of D’Arsonval’s galvanometer. The name gal-
vanometer, until the early years of last century, was used to indicate the most sensitive instruments
for measuring electric currents.
4Φ∗ is the flux linked with the n turns of the coil when immersed in a uniform field of magnetic
induction B perpendicular to its surface.
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caratteristiche

Samp =
@✓

@I
=

�⇤

C

) B
θmax

Enrico Silva - diritti riservati - Non è permessa, fra l’altro, l’inclusione anche parziale in altre opere senza il consenso scritto dell’autore

Amperometro

• lettura diretta dell’intensità di corrente che fluisce attraverso di esso.
⇒ va inserito nel ramo ove si intende misurare la corrente

82 4 Direct Current Electrical Measurements

R RBA

I I’

A B

r

V V

Fig. 4.2 Measurement of the current flowing through the resistance R by inserting the ammeter in
series; r is the internal resistance of the ammeter. The insertion of the instrument perturbs the value
of the quantity to be measured

4.3 Electrical Current Measurements

The instrument used to measure an electrical current is the ammeter, which allows
reading, directly on a graduated ruler or through a digital display, the intensity of the
current flowing through it. To produce accurate results, the ammeter needs a careful
calibration usually performed by the manufacturer using precise and stable current
sources of known intensity.

How to use an ammeter. When we need to measure the current flowing through
a given conductor (or a series of conductors), we must open the original circuit
and insert the ammeter as shown in Fig. 4.2. In other words, the ammeter must
be inserted in series to the conductor through which flows the current we want to
measure. The insertion of the ammeter modifies the original circuit because of its
internal resistance r and modifies the current under measurement. Suppose we have
to measure the intensity of the electrical current flowing through the resistance R in
the circuit of Fig. 4.2. If V is the voltage difference between the two points A and
B, then the current through R has an intensity I = V/R. Once the ammeter, with its
internal resistance r has been inserted, the current intensity becomes:

I ′ = V
R+ r

= V
R

(
1

1 + r
R

)

The term in brackets in the previous expression quantifies the systematic effect due
to the insertion of the ammeter in the circuit. Obviously, only when r = 0 the current
flowing in the perturbed circuit is equal to the one we are trying to measure. In
practice, however, we can neglect the effect of the presence of the instrument in the
circuit only when r ≪ R. Using of Thévenin’s theorem, we can reduce any kind of
linear circuit to the scheme of Fig. 4.2. In this case, R is equal to the resistance of the
circuit as seen from the two nodes connected by the branch through which flows the
current we are measuring. These observations help us to understand that a merit of
an ammeter is to have an internal resistance as small as possible.

Shunt Resistance. Like all measuring instruments, ammeters have a full-scale limit,
i.e., a maximum current intensity that can be measured properly. With a simple trick,
we can increase the value of the full-scale limit of an ammeter adding a resistance
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• Un amperometro dotato di opportuna resistenza in serie (“grande”)
  opportunamente calibrato diviene
  un misuratore di ddp: un Voltmetro!

90 4 Direct Current Electrical Measurements

a few seconds to reach its steady state. On one hand this is a limitation, since the
instrument cannot detect a current changing with a frequency greater than a; but on
the other hand, it can turn out to be an advantage in case high frequency electrical
noise interferes with the measure but is not detected by the ammeter because of
insufficient promptness.

4.4 Measurement of Voltage Difference: Analog Voltmeters

The instruments used to measure a voltage difference are called voltmeters. An
analog voltmeter allows obtaining the value of a voltage difference by means of the
measurement of a current intensity and the application of the first Ohm’s law. In other
words, the analog voltmeter is nothing else but an ammeter used in an appropriate
fashion. Suppose we need to measure the voltage drop between the points A and B
of a circuit, as schematically shown in Fig. 4.6. To this purpose, we connect between
the two points an ammeter in series with a suitable resistance R′. With reference to
Fig. 4.6, we can write:

VA − VB = (R′ + r)IA = rV IA

where r is the ammeter internal resistance and IA the intensity of the current flowing
through it. Once we calibrate appropriately the scale of the ammeter in volt, we
can read directly the voltage difference between the points A and B. The instrument
consisting of the ammeter with in series the resistance R′ is an analog voltmeter. The
quantity rV = R′ + r is the internal resistance of this voltmeter. It is an important
parameter to evaluate the perturbation of the circuit under test due to the connection
with the voltmeter.

The perturbation introduced by the voltmeter. For a linear circuit, we can evaluate
the effects due to the connection with the voltmeter by making use of Thévenin’s
theorem. It states that any linear network is equivalent to the circuit of Fig. 4.7, where
V0 = VA − VB, the open circuit voltage, coincides with the voltage difference we
need to measure. The insertion of the voltmeter amounts to connecting nodes A and
B with the voltmeter internal resistance rV . Consequently, the current flowing in rV is
given by IV = V0/(Req + rV ). The voltage drop across rV , i.e., the voltage difference
measured by the voltmeter, is given by:

Fig. 4.6 Measure of the
voltage with a voltmeter. The
voltmeter is shown
schematically by the
components contained in the
dashed path, namely the
ammeter A in series with the
resistance R′

A B

rRVoltmeter
AmmeterAmperometro

Voltmetro

VA – VB = (r+Rʹ) IA = rV IA
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• Un voltmetro dotato di opportuna resistenza in parallelo (“piccola”)
  opportunamente calibrato diviene
  un misuratore di corrente: un Amperometro!

Voltmetro

• lettura diretta della ddp ai suoi capi.
⇒ va inserito in parallelo al bipolo / fra i 
punti ove si intende misurare la ddp
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90 4 Direct Current Electrical Measurements

a few seconds to reach its steady state. On one hand this is a limitation, since the
instrument cannot detect a current changing with a frequency greater than a; but on
the other hand, it can turn out to be an advantage in case high frequency electrical
noise interferes with the measure but is not detected by the ammeter because of
insufficient promptness.

4.4 Measurement of Voltage Difference: Analog Voltmeters

The instruments used to measure a voltage difference are called voltmeters. An
analog voltmeter allows obtaining the value of a voltage difference by means of the
measurement of a current intensity and the application of the first Ohm’s law. In other
words, the analog voltmeter is nothing else but an ammeter used in an appropriate
fashion. Suppose we need to measure the voltage drop between the points A and B
of a circuit, as schematically shown in Fig. 4.6. To this purpose, we connect between
the two points an ammeter in series with a suitable resistance R′. With reference to
Fig. 4.6, we can write:

VA − VB = (R′ + r)IA = rV IA

where r is the ammeter internal resistance and IA the intensity of the current flowing
through it. Once we calibrate appropriately the scale of the ammeter in volt, we
can read directly the voltage difference between the points A and B. The instrument
consisting of the ammeter with in series the resistance R′ is an analog voltmeter. The
quantity rV = R′ + r is the internal resistance of this voltmeter. It is an important
parameter to evaluate the perturbation of the circuit under test due to the connection
with the voltmeter.

The perturbation introduced by the voltmeter. For a linear circuit, we can evaluate
the effects due to the connection with the voltmeter by making use of Thévenin’s
theorem. It states that any linear network is equivalent to the circuit of Fig. 4.7, where
V0 = VA − VB, the open circuit voltage, coincides with the voltage difference we
need to measure. The insertion of the voltmeter amounts to connecting nodes A and
B with the voltmeter internal resistance rV . Consequently, the current flowing in rV is
given by IV = V0/(Req + rV ). The voltage drop across rV , i.e., the voltage difference
measured by the voltmeter, is given by:

Fig. 4.6 Measure of the
voltage with a voltmeter. The
voltmeter is shown
schematically by the
components contained in the
dashed path, namely the
ammeter A in series with the
resistance R′

A B

rRVoltmeter
Ammeter

Voltmetro

RV

V

RV

VV
R

rV
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Amperometro

• lettura diretta dell’intensità di corrente che fluisce attraverso di esso.
⇒ va inserito nel ramo ove si intende misurare la corrente82 4 Direct Current Electrical Measurements

R RBA

I I’

A B

r

V V

Fig. 4.2 Measurement of the current flowing through the resistance R by inserting the ammeter in
series; r is the internal resistance of the ammeter. The insertion of the instrument perturbs the value
of the quantity to be measured

4.3 Electrical Current Measurements

The instrument used to measure an electrical current is the ammeter, which allows
reading, directly on a graduated ruler or through a digital display, the intensity of the
current flowing through it. To produce accurate results, the ammeter needs a careful
calibration usually performed by the manufacturer using precise and stable current
sources of known intensity.

How to use an ammeter. When we need to measure the current flowing through
a given conductor (or a series of conductors), we must open the original circuit
and insert the ammeter as shown in Fig. 4.2. In other words, the ammeter must
be inserted in series to the conductor through which flows the current we want to
measure. The insertion of the ammeter modifies the original circuit because of its
internal resistance r and modifies the current under measurement. Suppose we have
to measure the intensity of the electrical current flowing through the resistance R in
the circuit of Fig. 4.2. If V is the voltage difference between the two points A and
B, then the current through R has an intensity I = V/R. Once the ammeter, with its
internal resistance r has been inserted, the current intensity becomes:

I ′ = V
R+ r

= V
R

(
1

1 + r
R

)

The term in brackets in the previous expression quantifies the systematic effect due
to the insertion of the ammeter in the circuit. Obviously, only when r = 0 the current
flowing in the perturbed circuit is equal to the one we are trying to measure. In
practice, however, we can neglect the effect of the presence of the instrument in the
circuit only when r ≪ R. Using of Thévenin’s theorem, we can reduce any kind of
linear circuit to the scheme of Fig. 4.2. In this case, R is equal to the resistance of the
circuit as seen from the two nodes connected by the branch through which flows the
current we are measuring. These observations help us to understand that a merit of
an ammeter is to have an internal resistance as small as possible.

Shunt Resistance. Like all measuring instruments, ammeters have a full-scale limit,
i.e., a maximum current intensity that can be measured properly. With a simple trick,
we can increase the value of the full-scale limit of an ammeter adding a resistance

• ⇒ perturba necessariamente il misurando (la corrente), modificando il 
circuito con la sua resistenza interna r finita (“errore di inserzione”):

I =
V

R
�! I 0 =

V

R+ r
=

V

R

1

1 + r/R

effetto sistematico
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dipendente dal circuito sotto indagine!
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Amperometro
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Fig. 4.2 Measurement of the current flowing through the resistance R by inserting the ammeter in
series; r is the internal resistance of the ammeter. The insertion of the instrument perturbs the value
of the quantity to be measured

4.3 Electrical Current Measurements

The instrument used to measure an electrical current is the ammeter, which allows
reading, directly on a graduated ruler or through a digital display, the intensity of the
current flowing through it. To produce accurate results, the ammeter needs a careful
calibration usually performed by the manufacturer using precise and stable current
sources of known intensity.

How to use an ammeter. When we need to measure the current flowing through
a given conductor (or a series of conductors), we must open the original circuit
and insert the ammeter as shown in Fig. 4.2. In other words, the ammeter must
be inserted in series to the conductor through which flows the current we want to
measure. The insertion of the ammeter modifies the original circuit because of its
internal resistance r and modifies the current under measurement. Suppose we have
to measure the intensity of the electrical current flowing through the resistance R in
the circuit of Fig. 4.2. If V is the voltage difference between the two points A and
B, then the current through R has an intensity I = V/R. Once the ammeter, with its
internal resistance r has been inserted, the current intensity becomes:

I ′ = V
R+ r

= V
R

(
1

1 + r
R

)

The term in brackets in the previous expression quantifies the systematic effect due
to the insertion of the ammeter in the circuit. Obviously, only when r = 0 the current
flowing in the perturbed circuit is equal to the one we are trying to measure. In
practice, however, we can neglect the effect of the presence of the instrument in the
circuit only when r ≪ R. Using of Thévenin’s theorem, we can reduce any kind of
linear circuit to the scheme of Fig. 4.2. In this case, R is equal to the resistance of the
circuit as seen from the two nodes connected by the branch through which flows the
current we are measuring. These observations help us to understand that a merit of
an ammeter is to have an internal resistance as small as possible.

Shunt Resistance. Like all measuring instruments, ammeters have a full-scale limit,
i.e., a maximum current intensity that can be measured properly. With a simple trick,
we can increase the value of the full-scale limit of an ammeter adding a resistance

I =
V

R
�! I 0 =

V

R+ r
=

V

R

1

1 + r/R

IA =
RS

RS + r
I 00 = I 00

1

1 + r/RS

I 00 = IA + IS4.3 Electrical Current Measurements 83

Fig. 4.3 Shunt resistance

r

I

RIS S

IA

Rs in parallel to it, as shown in the Fig. 4.3. In this circumstance, the resistance
Rs is referred to as the shunt resistance. Let us denote with I the current we want
to measure and with r the internal resistance of the ammeter; then using the two
Kirchhoff’s laws, we can write

I = IA + Is and RsIs = rIA

from which we can obtain

IA = Rs

Rs + r
I = 1

1 + r
Rs

I

This relation gives the current IA flowing through the ammeter as a function of the
shunt resistance. Now it is easy to see that to increase by a factor k the full-scale of
an ammeter, we need a shunt resistance Rs = r/(k − 1). In conclusion,

to increase by a factor k the full-scale of an ammeter it is sufficient to connect it in
parallel to a shunt resistance equal to a fraction 1/(k−1) of its internal resistance r.

As already mentioned above, there exist various types of devices capable of measur-
ing a current intensity; we will discuss in the following two of them, namely:

• the moving coil ammeter, an analog electromechanical instrument exploiting the
mechanical interaction between a current passing through a coil and the magnetic
field of a permanent magnet.

• the digital ammeter, a digital instrument that measures the voltage across a known
resistance. Application of the first Ohm’s law yields the current intensity.

The use of analog devices is becoming less common as these instruments are sup-
planted by digital devices, which are more versatile and economical. Nevertheless,
we will give some details of the physics of the analog ammeter to show the deepness
of analysis necessary for the proper design of a measuring device.
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Fig. 4.2 Measurement of the current flowing through the resistance R by inserting the ammeter in
series; r is the internal resistance of the ammeter. The insertion of the instrument perturbs the value
of the quantity to be measured

4.3 Electrical Current Measurements

The instrument used to measure an electrical current is the ammeter, which allows
reading, directly on a graduated ruler or through a digital display, the intensity of the
current flowing through it. To produce accurate results, the ammeter needs a careful
calibration usually performed by the manufacturer using precise and stable current
sources of known intensity.

How to use an ammeter. When we need to measure the current flowing through
a given conductor (or a series of conductors), we must open the original circuit
and insert the ammeter as shown in Fig. 4.2. In other words, the ammeter must
be inserted in series to the conductor through which flows the current we want to
measure. The insertion of the ammeter modifies the original circuit because of its
internal resistance r and modifies the current under measurement. Suppose we have
to measure the intensity of the electrical current flowing through the resistance R in
the circuit of Fig. 4.2. If V is the voltage difference between the two points A and
B, then the current through R has an intensity I = V/R. Once the ammeter, with its
internal resistance r has been inserted, the current intensity becomes:

I ′ = V
R+ r

= V
R

(
1

1 + r
R

)

The term in brackets in the previous expression quantifies the systematic effect due
to the insertion of the ammeter in the circuit. Obviously, only when r = 0 the current
flowing in the perturbed circuit is equal to the one we are trying to measure. In
practice, however, we can neglect the effect of the presence of the instrument in the
circuit only when r ≪ R. Using of Thévenin’s theorem, we can reduce any kind of
linear circuit to the scheme of Fig. 4.2. In this case, R is equal to the resistance of the
circuit as seen from the two nodes connected by the branch through which flows the
current we are measuring. These observations help us to understand that a merit of
an ammeter is to have an internal resistance as small as possible.

Shunt Resistance. Like all measuring instruments, ammeters have a full-scale limit,
i.e., a maximum current intensity that can be measured properly. With a simple trick,
we can increase the value of the full-scale limit of an ammeter adding a resistance

IA

Iʺ

I =
V

R
�! I 00 =

V

R+ r||RS
=

V

R

1

1 + (r||RS)/R

rIA = RSIS

Estendere la portata di un fattore k
⇒ inserire RS = r/(k–1)
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Uso della resistenza di shunt per estendere la portata

Nota: si evita che in r scorra IA eccessiva (che 
può dar luogo ad autoriscaldamento)

I = I 0
⇣
1 +

r

R

⌘
richiesta: r ≪ R
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Amperometro: riduzione effetti sistematici

Si vogliono ridurre gli effetti sistematici sulla misura della corrente in un ramo.

Esercizio:
• valutare le incertezze su R e I;
• commentare sul valore opportuno di R2.
• elaborare una metodologia nel caso r non 
sia nota.
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Fig. 4.2 Measurement of the current flowing through the resistance R by inserting the ammeter in
series; r is the internal resistance of the ammeter. The insertion of the instrument perturbs the value
of the quantity to be measured

4.3 Electrical Current Measurements

The instrument used to measure an electrical current is the ammeter, which allows
reading, directly on a graduated ruler or through a digital display, the intensity of the
current flowing through it. To produce accurate results, the ammeter needs a careful
calibration usually performed by the manufacturer using precise and stable current
sources of known intensity.

How to use an ammeter. When we need to measure the current flowing through
a given conductor (or a series of conductors), we must open the original circuit
and insert the ammeter as shown in Fig. 4.2. In other words, the ammeter must
be inserted in series to the conductor through which flows the current we want to
measure. The insertion of the ammeter modifies the original circuit because of its
internal resistance r and modifies the current under measurement. Suppose we have
to measure the intensity of the electrical current flowing through the resistance R in
the circuit of Fig. 4.2. If V is the voltage difference between the two points A and
B, then the current through R has an intensity I = V/R. Once the ammeter, with its
internal resistance r has been inserted, the current intensity becomes:

I ′ = V
R+ r

= V
R

(
1

1 + r
R

)

The term in brackets in the previous expression quantifies the systematic effect due
to the insertion of the ammeter in the circuit. Obviously, only when r = 0 the current
flowing in the perturbed circuit is equal to the one we are trying to measure. In
practice, however, we can neglect the effect of the presence of the instrument in the
circuit only when r ≪ R. Using of Thévenin’s theorem, we can reduce any kind of
linear circuit to the scheme of Fig. 4.2. In this case, R is equal to the resistance of the
circuit as seen from the two nodes connected by the branch through which flows the
current we are measuring. These observations help us to understand that a merit of
an ammeter is to have an internal resistance as small as possible.

Shunt Resistance. Like all measuring instruments, ammeters have a full-scale limit,
i.e., a maximum current intensity that can be measured properly. With a simple trick,
we can increase the value of the full-scale limit of an ammeter adding a resistance

IA1

I1
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Fig. 4.2 Measurement of the current flowing through the resistance R by inserting the ammeter in
series; r is the internal resistance of the ammeter. The insertion of the instrument perturbs the value
of the quantity to be measured

4.3 Electrical Current Measurements

The instrument used to measure an electrical current is the ammeter, which allows
reading, directly on a graduated ruler or through a digital display, the intensity of the
current flowing through it. To produce accurate results, the ammeter needs a careful
calibration usually performed by the manufacturer using precise and stable current
sources of known intensity.

How to use an ammeter. When we need to measure the current flowing through
a given conductor (or a series of conductors), we must open the original circuit
and insert the ammeter as shown in Fig. 4.2. In other words, the ammeter must
be inserted in series to the conductor through which flows the current we want to
measure. The insertion of the ammeter modifies the original circuit because of its
internal resistance r and modifies the current under measurement. Suppose we have
to measure the intensity of the electrical current flowing through the resistance R in
the circuit of Fig. 4.2. If V is the voltage difference between the two points A and
B, then the current through R has an intensity I = V/R. Once the ammeter, with its
internal resistance r has been inserted, the current intensity becomes:

I ′ = V
R+ r

= V
R

(
1

1 + r
R

)

The term in brackets in the previous expression quantifies the systematic effect due
to the insertion of the ammeter in the circuit. Obviously, only when r = 0 the current
flowing in the perturbed circuit is equal to the one we are trying to measure. In
practice, however, we can neglect the effect of the presence of the instrument in the
circuit only when r ≪ R. Using of Thévenin’s theorem, we can reduce any kind of
linear circuit to the scheme of Fig. 4.2. In this case, R is equal to the resistance of the
circuit as seen from the two nodes connected by the branch through which flows the
current we are measuring. These observations help us to understand that a merit of
an ammeter is to have an internal resistance as small as possible.

Shunt Resistance. Like all measuring instruments, ammeters have a full-scale limit,
i.e., a maximum current intensity that can be measured properly. With a simple trick,
we can increase the value of the full-scale limit of an ammeter adding a resistance

IA2

I2

B
R2
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Fig. 4.2 Measurement of the current flowing through the resistance R by inserting the ammeter in
series; r is the internal resistance of the ammeter. The insertion of the instrument perturbs the value
of the quantity to be measured

4.3 Electrical Current Measurements

The instrument used to measure an electrical current is the ammeter, which allows
reading, directly on a graduated ruler or through a digital display, the intensity of the
current flowing through it. To produce accurate results, the ammeter needs a careful
calibration usually performed by the manufacturer using precise and stable current
sources of known intensity.

How to use an ammeter. When we need to measure the current flowing through
a given conductor (or a series of conductors), we must open the original circuit
and insert the ammeter as shown in Fig. 4.2. In other words, the ammeter must
be inserted in series to the conductor through which flows the current we want to
measure. The insertion of the ammeter modifies the original circuit because of its
internal resistance r and modifies the current under measurement. Suppose we have
to measure the intensity of the electrical current flowing through the resistance R in
the circuit of Fig. 4.2. If V is the voltage difference between the two points A and
B, then the current through R has an intensity I = V/R. Once the ammeter, with its
internal resistance r has been inserted, the current intensity becomes:

I ′ = V
R+ r

= V
R

(
1

1 + r
R

)

The term in brackets in the previous expression quantifies the systematic effect due
to the insertion of the ammeter in the circuit. Obviously, only when r = 0 the current
flowing in the perturbed circuit is equal to the one we are trying to measure. In
practice, however, we can neglect the effect of the presence of the instrument in the
circuit only when r ≪ R. Using of Thévenin’s theorem, we can reduce any kind of
linear circuit to the scheme of Fig. 4.2. In this case, R is equal to the resistance of the
circuit as seen from the two nodes connected by the branch through which flows the
current we are measuring. These observations help us to understand that a merit of
an ammeter is to have an internal resistance as small as possible.

Shunt Resistance. Like all measuring instruments, ammeters have a full-scale limit,
i.e., a maximum current intensity that can be measured properly. With a simple trick,
we can increase the value of the full-scale limit of an ammeter adding a resistance

 I 

I =
V

R
I1 =

V

r +R
= I

1

1 + r/R
I2 =

V

r +R2 +R
= I

1

1 + (r +R2)/R

R =
I2(r +R2)� I1r

I1 � I2

I =
I1I2R2

I2(r +R2)� I1r
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R0 =
I2(R2 + r)� I1r

I1 � I2

Amperometro: misura dei parametri di Thévenin

Sia data una rete di cui si vuol conoscere V0 e R0 secondo Thévenin
(ad esempio, un generatore di tensione reale, dove R0 è la sua resistenza di uscita)
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R2

I1 =
V0

r +R0

Esercizio:
• valutare le incertezze su R0 e V0;
• commentare sul valore opportuno di R2.
• proporre una variazione più sicura della 
metodologia nel caso il rapporto fra R0 e r 
non sia noto.

I2 =
V0

r +R2 +R0

V0 =
I2I1R2

I1 � I2
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RV

Voltmetro

• lettura diretta della ddp ai suoi capi.
⇒ va inserito in parallelo al bipolo / fra i 
punti ove si intende misurare la ddp

90 4 Direct Current Electrical Measurements

a few seconds to reach its steady state. On one hand this is a limitation, since the
instrument cannot detect a current changing with a frequency greater than a; but on
the other hand, it can turn out to be an advantage in case high frequency electrical
noise interferes with the measure but is not detected by the ammeter because of
insufficient promptness.

4.4 Measurement of Voltage Difference: Analog Voltmeters

The instruments used to measure a voltage difference are called voltmeters. An
analog voltmeter allows obtaining the value of a voltage difference by means of the
measurement of a current intensity and the application of the first Ohm’s law. In other
words, the analog voltmeter is nothing else but an ammeter used in an appropriate
fashion. Suppose we need to measure the voltage drop between the points A and B
of a circuit, as schematically shown in Fig. 4.6. To this purpose, we connect between
the two points an ammeter in series with a suitable resistance R′. With reference to
Fig. 4.6, we can write:

VA − VB = (R′ + r)IA = rV IA

where r is the ammeter internal resistance and IA the intensity of the current flowing
through it. Once we calibrate appropriately the scale of the ammeter in volt, we
can read directly the voltage difference between the points A and B. The instrument
consisting of the ammeter with in series the resistance R′ is an analog voltmeter. The
quantity rV = R′ + r is the internal resistance of this voltmeter. It is an important
parameter to evaluate the perturbation of the circuit under test due to the connection
with the voltmeter.

The perturbation introduced by the voltmeter. For a linear circuit, we can evaluate
the effects due to the connection with the voltmeter by making use of Thévenin’s
theorem. It states that any linear network is equivalent to the circuit of Fig. 4.7, where
V0 = VA − VB, the open circuit voltage, coincides with the voltage difference we
need to measure. The insertion of the voltmeter amounts to connecting nodes A and
B with the voltmeter internal resistance rV . Consequently, the current flowing in rV is
given by IV = V0/(Req + rV ). The voltage drop across rV , i.e., the voltage difference
measured by the voltmeter, is given by:

Fig. 4.6 Measure of the
voltage with a voltmeter. The
voltmeter is shown
schematically by the
components contained in the
dashed path, namely the
ammeter A in series with the
resistance R′

A B

rRVoltmeter
Ammeter

Voltmetro

RV

V

• ⇒ perturba necessariamente il misurando (la ddp), modificando il circuito 
con la sua resistenza interna RV non infinita (“errore di inserzione”):

dipendente dal circuito sotto indagine (R0)!

V0
R0

Equivalente di 
Thévenin

A

B
V

VV = IV RV =
RV

R0 +RV
V0 = V0

1

1 +R0/RV
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A

B RV

Voltmetro

Esempio: lettura di una ddp ai capi di una resistenza R

V0
R0

Equivalente di 
Thévenin

VR

VV = V0
R||RV

R0 +R||RV
= V0

1

1 +R0/(R||RV )
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Voltmetro analogico

1. la sollecitazione è data dalla ddp (che fa circolare una corrente nelle spire della bobina).
2. la risposta è data da θ ∝ V.
3. la sensibilità è costante: 
4. L’incertezza dovuta alla sensibilità è costante, quindi l’incertezza percentuale è minima vicino al 

fondoscala.
5. L’equilibrio si raggiunge in un tempo ~ 1÷2 s (“lento”)
6. La ddp può essere applicata con un solo segno! 

caratteristiche

“sensibilità”
È detta impropriamente “sensibilità del voltmetro analogico” una grandezza η che fornisce una 
misura della resistenza interna RV, come segue: RV è dato dalla “sensibilità” moltiplicata per il valore 
di fondo scala in uso. Tale numero può differire per uso in DC e uso in AC.

Esempio. Data una “sensibilità” di 20000 Ω/V, a un fondoscala da 20 V corrisponde RV = 20000 Ω/V · 20 V = 400 kΩ

La “sensibilità” è data dal rapporto fra la ddp di fondo scala Vfs e la potenza assorbita a f.s., Pfs:

dove Ifs è la corrente che scorre nel voltmetro a fondo scala.

⌘ =
Vfs

Pfs
=

Vfs

V 2
fs/RV

=
1

Ifs
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Capacità: C(θ). 
Speciale sagomatura dei settori: risposta lineare 
	 → C(θ) = C0 + KCθ	    con C0 = C(θ = 0°).
Valore tipico: C(θmax) ≈ 20 ÷500 pF
Applicando VM si ottiene una coppia meccanica ℳ bilanciata dalla 
coppia di contrasto data dalla molla di richiamo, –hθ.
ddp costante → energia elettrostatica E = 1/2C (θ)VM2

Coppia:

⇒

Voltmetro elettrostatico o elettrometro

552 Introduction to Instrumentation and Measurements

Obviously, for any given full-scale voltage, meter loading by a D’Arsonval analog DC volt-
meter will be less with a meter with a high η. Also, for very large VFS, RT will be very large. 
For example, RT for a 500 VFS with a 20,000 Ω/V movement will be 10 MΩ. Multirange, DC, 
D’Arsonval voltmeters have a switch that switches various RSs in series with the microam-
meter, satisfying Equation 8.18 earlier.

The capacitor or electrostatic voltmeter is an unusual type of electromechanical voltmeter 
that is best suited for DC or line frequency AC, high-voltage measurements. Capacitor volt-
meters have been used from about 0.5 kV to over 200 kV with special insulation. A front 
view schematic diagram of a capacitor voltmeter is shown in Figure 8.7. The design is 
very much like a parallel-plate, radio tuning capacitor. Rotor plates pivot on low-friction 
bearings and are restrained by a linear torsion spring. The capacitance between rotor and 
stator plates is a function of the rotation angle, θ (pointer angle), and, in a linear capacitor, 
assumed here for convenience, can be written as

 C C K( )θ θ= +o C .  (8.19)

Here, Co is the capacitance between the plates at θ = 0° and KC is the capacitance constant. 
C(θMAX) ranges from about 20 pF up to several hundred pF, depending on design. It can be 
shown that at a given voltage, there is an attractive torque acting to rotate the rotor into 
the stator to produce maximum capacitance and maximum stored electric field energy in 
the capacitance. The energy stored in the capacitor at SS is

 
W C V= 12

2( ) .θ C  (8.20)

0

Scale

VM

Torque
Torque

Pointer

Helical spring 

Rotor plate

Rotor plate

Stator plate

Stator plate

θ

FIGURE 8.7
A transparent face view of an electrostatic, capacitor voltmeter. The electric field between the plates generates 
the deflection torque that must equal the spring torque in the SS. The meter scale is nonlinear.
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Strumento quasi obsoleto, ma:
• non assorbe corrente in DC
   Ma attenzione ai transitori, in cui il capacitore si comporta come un corto!
   → si utilizza una resistenza serie.
• utilizzato (ancora) per misure di alte tensioni (0.5-200 kV) con correnti basse

Strumento quadratico
Si può rendere lineare con ulteriore sagomatura
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Amperometro di D’Arsonval - AC
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average value of the input voltage. AC voltmeter calibration is, of course, in terms of the 
rms of a sine wave input voltage. The D’Arsonval meter movement acts as a mechanical 
LPF (cf. Equation 8.12), its deflection being proportional to the average current through its 
coil. The average value of a full-wave rectified sine wave is easily shown to be
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FIGURE 8.26
(A) Face view of an iron vane, AC meter of the attraction type. (B) Side view of the attraction-type, AC, iron vane 
meter. Magnetic torque pulls the vane into the current-carrying coil.
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FIGURE 8.27
Schematic of a bridge rectifier AC voltmeter. A DC D’Arsonval microammeter (M) is used. Silicon pn junction 
diodes (D) are used.

Uso di:
• C1 di blocco
• R1 di limitazione in corrente
• ponte rettificatore.
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average value of the input voltage. AC voltmeter calibration is, of course, in terms of the 
rms of a sine wave input voltage. The D’Arsonval meter movement acts as a mechanical 
LPF (cf. Equation 8.12), its deflection being proportional to the average current through its 
coil. The average value of a full-wave rectified sine wave is easily shown to be
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FIGURE 8.27
Schematic of a bridge rectifier AC voltmeter. A DC D’Arsonval microammeter (M) is used. Silicon pn junction 
diodes (D) are used.

Uso di:
• C1 di blocco
• R1 di limitazione in corrente
• ponte rettificatore. Capacità di svuotamento dei diodi!

→ limitazione in frequenza
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average value of the input voltage. AC voltmeter calibration is, of course, in terms of the 
rms of a sine wave input voltage. The D’Arsonval meter movement acts as a mechanical 
LPF (cf. Equation 8.12), its deflection being proportional to the average current through its 
coil. The average value of a full-wave rectified sine wave is easily shown to be
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Schematic of a bridge rectifier AC voltmeter. A DC D’Arsonval microammeter (M) is used. Silicon pn junction 
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Uso di un ponte rettificatore.

Capacità di svuotamento dei diodi!
→ limitazione in frequenza

• Tempi caratteristici: 1÷2 s
→ fenomeni “veloci” vengono mediati:

• a fondo scala, con diodi ideali:

• Sotto ~10 mV le letture vanno corrette per le resistenze dirette e inverse dei diodi
• La risposta è accurata solo per VS sinusoidale.
• La “sensibilità” è 2√2/π = 0.90 rispetto a quella dc:
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DC  voltmeter, a series resistor is used to limit the meter’s full-scale current. The energy 
stored in the magnetic field of the electrodynamometer meter’s coils is given by

 W i L L M= + +⎡⎣ ⎤⎦M S R SR
2 2 2/ / ( )θ  (8.25)

where
iM is the current in the coils
LR is the self-inductance of the rotor coil
LS is the self-inductance of the two stator coils together
MSR(θ) is the mutual inductance between the stator coils and the rotor coil

Note that MSR = MRS. Because of meter coil geometry, MSR(θ) may be approximated by

 M KSR M MAX( ) / .θ θ θ= −( )2  (8.26)

Note that at half maximum deflection, the axis of the rotor coil is perpendicular to the axis 
of the stator coils, and MSR = 0. The electromagnetically produced torque is given by
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FIGURE 8.8
Face view of an electrodynamometer meter movement connected as a voltmeter. The scale is nonlinear.
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DC  voltmeter, a series resistor is used to limit the meter’s full-scale current. The energy 
stored in the magnetic field of the electrodynamometer meter’s coils is given by

 W i L L M= + +⎡⎣ ⎤⎦M S R SR
2 2 2/ / ( )θ  (8.25)

where
iM is the current in the coils
LR is the self-inductance of the rotor coil
LS is the self-inductance of the two stator coils together
MSR(θ) is the mutual inductance between the stator coils and the rotor coil

Note that MSR = MRS. Because of meter coil geometry, MSR(θ) may be approximated by

 M KSR M MAX( ) / .θ θ θ= −( )2  (8.26)

Note that at half maximum deflection, the axis of the rotor coil is perpendicular to the axis 
of the stator coils, and MSR = 0. The electromagnetically produced torque is given by
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Face view of an electrodynamometer meter movement connected as a voltmeter. The scale is nonlinear.
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     attorno a θ0 = π/2:
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DC  voltmeter, a series resistor is used to limit the meter’s full-scale current. The energy 
stored in the magnetic field of the electrodynamometer meter’s coils is given by

 W i L L M= + +⎡⎣ ⎤⎦M S R SR
2 2 2/ / ( )θ  (8.25)

where
iM is the current in the coils
LR is the self-inductance of the rotor coil
LS is the self-inductance of the two stator coils together
MSR(θ) is the mutual inductance between the stator coils and the rotor coil

Note that MSR = MRS. Because of meter coil geometry, MSR(θ) may be approximated by

 M KSR M MAX( ) / .θ θ θ= −( )2  (8.26)

Note that at half maximum deflection, the axis of the rotor coil is perpendicular to the axis 
of the stator coils, and MSR = 0. The electromagnetically produced torque is given by
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Figura 2.12: Fasori di correnti e tensione

che mostra che l’errore relativo è tanto maggiore, a parità di ϵ, quanto più tensione
e corrente del carico sono vicini alla perfetta quadratura. Per questo, quando si deve
misurare la potenza attiva assorbita da carichi quasi reattivi, è importante che l’errore ϵ
si mantenga quanto più piccolo possibile, e ciò richiede wattmetri di particolare pregio.

2.5 Errori di inserzione degli strumenti

In Fig. 2.13 sono illustrati due metodi per la misura contemporanea di tensione e cor-
rente, ad esempio per effettuare misure di potenza come illustrato nelle sezioni 2.4.4 e
1.12. Con il metodo a sinistra, in cui il voltmetro è a monte dell’amperometro, il valore
di tensione misurato Vv è pari alla somma della caduta di tensione sull’amperometro
Va = IaR e alla tensione esistente sul carico V. La corrente misurata Ia, invece, è pari
alla corrente che effettivamente circola nel carico R, e quindi non è affetta da errori di
stima. Pertanto, Vv è affetta da un errore che in termini relativi è esprimibile come:

ϵ =
Vv − V

V
=

Va

V
=

IaR

V
= Ra

1
V

V

R
=

Ra

R
. (2.43)

L’errore è tanto più piccolo quanto minore è il valore di resistenza Ra rispetto a quella
di carico R. Pertanto, questo metodo va scelto quando la resistenza di carico è molto
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(b) Voltmetro a valle.

Figura 2.13: Misura di tensione e corrente.
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DC  voltmeter, a series resistor is used to limit the meter’s full-scale current. The energy 
stored in the magnetic field of the electrodynamometer meter’s coils is given by

 W i L L M= + +⎡⎣ ⎤⎦M S R SR
2 2 2/ / ( )θ  (8.25)

where
iM is the current in the coils
LR is the self-inductance of the rotor coil
LS is the self-inductance of the two stator coils together
MSR(θ) is the mutual inductance between the stator coils and the rotor coil

Note that MSR = MRS. Because of meter coil geometry, MSR(θ) may be approximated by

 M KSR M MAX( ) / .θ θ θ= −( )2  (8.26)

Note that at half maximum deflection, the axis of the rotor coil is perpendicular to the axis 
of the stator coils, and MSR = 0. The electromagnetically produced torque is given by
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Face view of an electrodynamometer meter movement connected as a voltmeter. The scale is nonlinear.
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che mostra che l’errore relativo è tanto maggiore, a parità di ϵ, quanto più tensione
e corrente del carico sono vicini alla perfetta quadratura. Per questo, quando si deve
misurare la potenza attiva assorbita da carichi quasi reattivi, è importante che l’errore ϵ
si mantenga quanto più piccolo possibile, e ciò richiede wattmetri di particolare pregio.

2.5 Errori di inserzione degli strumenti

In Fig. 2.13 sono illustrati due metodi per la misura contemporanea di tensione e cor-
rente, ad esempio per effettuare misure di potenza come illustrato nelle sezioni 2.4.4 e
1.12. Con il metodo a sinistra, in cui il voltmetro è a monte dell’amperometro, il valore
di tensione misurato Vv è pari alla somma della caduta di tensione sull’amperometro
Va = IaR e alla tensione esistente sul carico V. La corrente misurata Ia, invece, è pari
alla corrente che effettivamente circola nel carico R, e quindi non è affetta da errori di
stima. Pertanto, Vv è affetta da un errore che in termini relativi è esprimibile come:
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L’errore è tanto più piccolo quanto minore è il valore di resistenza Ra rispetto a quella
di carico R. Pertanto, questo metodo va scelto quando la resistenza di carico è molto
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DC  voltmeter, a series resistor is used to limit the meter’s full-scale current. The energy 
stored in the magnetic field of the electrodynamometer meter’s coils is given by

 W i L L M= + +⎡⎣ ⎤⎦M S R SR
2 2 2/ / ( )θ  (8.25)

where
iM is the current in the coils
LR is the self-inductance of the rotor coil
LS is the self-inductance of the two stator coils together
MSR(θ) is the mutual inductance between the stator coils and the rotor coil

Note that MSR = MRS. Because of meter coil geometry, MSR(θ) may be approximated by

 M KSR M MAX( ) / .θ θ θ= −( )2  (8.26)

Note that at half maximum deflection, the axis of the rotor coil is perpendicular to the axis 
of the stator coils, and MSR = 0. The electromagnetically produced torque is given by
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Face view of an electrodynamometer meter movement connected as a voltmeter. The scale is nonlinear.
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DC  voltmeter, a series resistor is used to limit the meter’s full-scale current. The energy 
stored in the magnetic field of the electrodynamometer meter’s coils is given by

 W i L L M= + +⎡⎣ ⎤⎦M S R SR
2 2 2/ / ( )θ  (8.25)

where
iM is the current in the coils
LR is the self-inductance of the rotor coil
LS is the self-inductance of the two stator coils together
MSR(θ) is the mutual inductance between the stator coils and the rotor coil

Note that MSR = MRS. Because of meter coil geometry, MSR(θ) may be approximated by

 M KSR M MAX( ) / .θ θ θ= −( )2  (8.26)

Note that at half maximum deflection, the axis of the rotor coil is perpendicular to the axis 
of the stator coils, and MSR = 0. The electromagnetically produced torque is given by
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Face view of an electrodynamometer meter movement connected as a voltmeter. The scale is nonlinear.
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Si intende misurare la potenza attiva:
PL = VL,e ·IL,e·cosδ

in AC:
VL , im , iL ≃ iS sono sfasati.
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φ = δ + ε

?
✓ = KVL,eiL,e cos� ' KVL,eiL,e cos � = KPL

Sia ε piccolo (problema costruttivo su Lm)

PL = VL,e IL,e cosδ

|�PL| =
����
@PL

@�

���� d� =

����
@PL

@�

���� " = VL,eIL,e| sin �| · "

����
�PL

PL

���� = " tan � dipende dal carico: carichi reattivi
→ quadratura

→ aumenta l’errore percentuale!dipende dalla costruzione: piccolo ε


