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Indeterminazione
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Finora si sono considerate le proprietà ondulatorie, 

lavorando sulla  fase di una (per ora non meglio 

specificata) funzione. Si sono ricavate o ipotizzate 

relazioni per:

- lunghezza d’onda e momento

- energia e frequenza

- velocità di fase e di gruppo

Ancora non abbiamo considerato da vicino le proprietà 

corpuscolari, e in particolare la posizione della particella 

associata all’onda.
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Onde vs. corpuscoli

Solide prove sperimentali che materia/luce presentino comportamento ondulatorio.

Solide prove sperimentali che materia/luce presentino comportamento corpuscolare.

?

Assunzione: l’ampiezza di un’onda [di materia] racchiude informazioni sulla 

posizione della particella.

Ampiezza elevata  ->  elevata probabilità di trovare la particella

Ampiezza uniforme su un’ampia regione: equiprobabilità di trovare la particella 

nella regione stessa: particella delocalizzata.

Circoscrivere la regione dove la particella può trovarsi:

costruire un pacchetto d’onde.
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Posizione vs. numero d’onda
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Principio di indeterminazione

Per un pacchetto d’onda: "k "x ~ 1

(adimensionale)

Pacchetti d’onda molto localizzati <–> ampio spettro di numeri d’onda

ovvero ampio intervallo di momento

Pacchetti d’onda con piccola distribuzione di k <–> particella delocalizzata

e valore preciso di momento

Nota: è una proprietà generale dei pacchetti 

d’onda, non riguarda la MQ

Poiché

Principio di indeterminazione 

di Heisenberg

Sperimentale: una particella è descrivibile come un pacchetto d’onda!

−→ ∆p∆x ∼ !
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Principio di indeterminazione di Heisenberg

Non è possibile misurare simultaneamente (la stessa 

componente per) la posizione e il momento di una 

particella con precisione illimitata

Non è una limitazione strumentale,

è insito nella rappresentazione in termini di onde di materia.

Vale l’ “=” per un pacchetto gaussiano, il “"” per un altro tipo di pacchetto d’onda.

Non è lecito pensare alla traiettoria della particella classica 

(Newtoniana), con momento p e posizione x(t) esattamente definite.

∆px∆x ≥ !/2
∆py∆y ≥ !/2
∆pz∆z ≥ !/2
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Verifica del principio di indeterminazione
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Experimental verification of the Heisenberg uncertainty principle for fullerene molecules
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The Heisenberg uncertainty principle for material objects is an essential corner stone of quantum mechanics

and clearly visualizes the wave nature of matter. Here, we report a demonstration of the Heisenberg uncertainty

principle for the fullerene molecule C70 at a temperature of 900 K. We do this by showing the increase in

molecular momentum spread after passage through a narrow slit with a variable width down to 70 nm. We find

good quantitative agreement with the theoretical expectation.
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Complementarity is one of the essential paradigms of

quantum mechanics #1$. Two quantities are mutually comple-
mentary in that complete !or partial" knowledge of one im-
plies the complete !or partial" uncertainty about the other #2$
and vice versa. The most generally known case is the
complementarity between position and momentum, as ex-
pressed quantitatively in the Heisenberg uncertainty principle
%x%p&'/2. For neutrons the uncertainty relation has been
demonstrated already back in 1966 by Shull #3$. Following
the growing experimental efforts in atom optics during the
last decade, the uncertainty principle has shown up implicitly
in several experiments and has also been explicitly investi-
gated in the time domain #4$.
While being a physical phenomenon of interest in its own

right, the complementarity between momentum and position
is also an important factor for practical purposes: for ex-
ample, it is applied for the preparation of transverse coher-
ence in all experiments using collimated beams, a fact that
can be mathematically phrased using the van Cittert-Zernike
theorem #5–7$.
There are good reasons to believe that complementarity

and the uncertainty relation will hold, in principle, for all
objects of the physical world and that these quantum prop-
erties are generally only hidden by technical noise for larger
objects. It is therefore interesting to see how far this
quantum-mechanical phenomenon can be experimentally ex-
tended to the macroscopic domain.
Here, we report on an experiment investigating in a quan-

titative way the uncertainty relation upon diffraction at a
single slit for a molecule as complex, massive, and hot as the
fullerene C70 (m#840 amu) emerging from the oven with
an internal and translational temperature of 900 K.
It is well known that the limit '/2 of the uncertainty re-

lation %x%p&'/2 is only reached for particular wave pack-
ets, for example, of the Gaussian-type. Evidently, the wave
packet after passage through a rectangular slit is very differ-
ent from this minimal uncertainty shape. This is also re-
flected in the far-field distribution that is described by the
well-known sinc function rather than a Gaussian. It is there-
fore a matter of definition and convenience, which quantities
to take as a measure of the position and momentum uncer-
tainty in our case. Obviously, for a wave traversing a slit, one
can take the slit width to be the measure of the spatial un-
certainty %x . The momentum uncertainty %p can be related
to the angular spread due to diffraction at the slit. Quantita-

tively, we define it as the momentum spread required to
cover the full width at half maximum !FWHM" of the dif-
fraction curve.
The setup of the experiment, shown in Fig. 1, is similar to

that described in a previous publication #8$. An effusive ther-
mal fullerene beam is produced at about 900 K. The velocity
spread was as large as %v/v(0.6 and was taken into account
in the numerical description of the experiment.
The molecular beam is collimated by two piezocontrolled

slits. The width of the first slit S1, is fixed at 10 )m, while
the width %x of the second slit S2—which is located at the
distance L1#113 cm further downstream—can be varied to
investigate the position-momentum uncertainty relation.
In order to also quantitatively describe the experiment the

properties of the slits have to be known rather precisely. The
slits !Piezosysteme Jena" are made of two silicon edges
mounted on piezo controlled flexure stages. We obtain infor-
mation about the slit opening in three different ways: from
the applied piezovoltage, from the reading of a strain gauge
mounted to the slits, and finally from the total number of
molecules passing through the slit at a given opening. While
the piezovoltage can be kept stable to better than %U/U
$10!4 it is well known that piezos show creep, hysteresis,
and nonlinearities. However, it turned out in the experiments
that the passive stability over a typical time of 1 h was of the
order of 50 nm, as can be judged from the stability of the
diffraction patterns. From a calibration of the hysteresis
curve, we determine the change of the slit opening as a func-
tion of the piezovoltage. In order to know the absolute slit
width we determined the zero position by measuring the
number of molecules passing through the slit, when it was

FIG. 1. Setup of the experiment. A thermal C70 beam is pro-

duced by sublimation of fullerene powder at 900 K. The beam is

narrowed by S1 and diffracted by S2 . S1 is fixed at 10 )m. The
width of slit S2 is varied with %30 nm accuracy for %x$1 )m.
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being closed. We estimate this method to be accurate to

within !30 nm.
We extract the momentum spread !p after S2 from the

FWHM of the detected molecular beam Wexpt in the detec-

tion plane, which is separated from S2 by the length L2
"133 cm. The observed distribution function f expt(x)

"D(x)!M (x) is actually a convolution of the detector reso-

lution function D(x) and the real molecular-beam profile

M (x).

The scanning laser ionization detector has been character-

ized in depth in a previous publication "9#. For our present
experiments with C70 the FWHM of the detector response

was determined to be D"10!0.5 $m at a laser power of

P"10 W. The effective FWHM detector height at this

power was measured to be %1 mm.

The second contribution, related to the measured

molecular-beam profile M (x), is composed of both the clas-

sical collimation and the momentum spread due to the quan-

tum uncertainty. In order to compare the experiment with the

uncertainty relation derived before, we concentrate in the

following on the half-width values of these components only.

Since the classical FWHM shadow width Wcl and the quan-

tum contribution Wqu are completely independent their influ-

ence can be added quadratically to yield the FWHM value of

M (x), which we denominate as Wexpt . The classical contri-

bution Wcl can be derived from a simple geometrical shadow

model. Taking the measured and the classically expected

widths we can then deduce the contribution to the beam

width due to the quantum uncertainty and we finally relate

this spatial information to the corresponding momentum un-

certainty, which then reads

!p"
pz

L2
&"'Wexpt(

2#'Wcl(
2#1/2#!x), '1(

where pz is the most probable longitudinal momentum of the

molecules.

To trace out the uncertainty relation we varied the width

of the second slit from about 20 $m down to roughly 50 nm
and record the molecular-beam width in the detection plane.

In Fig. 2, we show the measured molecular-beam profiles as

full circles for two different widths of the second collimation

slit. We see a relatively narrow beam of Wexpt"17 $m for

the slit width !x"1.4 $m "Fig. 2'bottom(# and again a
strong growth to Wexpt"43 $m for the slit width !x
"(0.07!0.03) $m "Fig. 2'top(#. The error bars in Fig. 2
represent the statistical uncertainty due to the very low count

rate, in particular at the smallest slit width.

The dashed line follows a full wave calculation as de-

scribed below in order to show the molecular-beam profile as

given by diffraction alone. The continuous curves represent

the same model but convoluted with the detector profile.

Close inspection of the data shows a good agreement be-

tween the convoluted wave model and the experimental data.

This good agreement is the first demonstration of single slit

diffraction for a molecule as heavy, complex, and hot as C70 .

Figure 2'top( is actually an interesting complement to the
high contrast interference fringes of fullerenes after diffrac-

tion at a nanofabricated grating with a grating constant of

100 nm, which we could demonstrate in a previous publica-

tion "10#. The single slit pattern shown here is the envelope
of the far-field grating interference pattern. This provides a

striking proof of the wave nature of the fullerene C70 because

it demonstrates that the previous minima must have been due

to destructive interference.

From the whole series of experiments with varying slit

widths we have extracted the FWHM values from the experi-

ment and we compare them with a quantum wave model in

FIG. 2. Measured molecule distribution in the detection plane

after passing through the piezocontrolled silicon slit S2 having a

width of !x"1.4 $m 'bottom( and !x"70 nm 'top(. Both the
quantum-mechanical calculation 'continuous line( and the experi-
ment 'circle( show an increase of the beam width when going from
medium 'bottom( to narrow 'top( slit widths. The dotted line indi-
cates the wave calculation before the convolution with the known

detector profile.

FIG. 3. Experimental molecular-beam width Wexpt 'full circle(
is compared with the quantum prediction 'continuous line( as a
function of the slit opening !x . The agreement is excellent across
the whole range of slit openings (70 nm–20 $m). A purely clas-
sical shadow model predicts the dotted line and is in marked dis-

agreement with the data for !x$4 $m. The latter is therefore
designated as the quantum regime and magnified in the inset of

Fig. 3.
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Fascio di molecole di C
70

 collimate

misura indiretta

"x: larghezza della fenditura

"p: ottenuta dall’allargamento del fascio

Fig. 3. An excellent agreement between expectation and ex-

periment is found throughout the whole range of values. We

can distinguish essentially two different regimes correspond-

ing to a pure quantum regime !left part of Fig. 3" and a range
that can be very well described using a classical ball model

!right part of Fig. 3". The continuous-wave calculation curve
and the dotted classical line coincide almost completely

down to a slit width of about #x!4 $m. Below this value
the quantum-mechanical momentum spread #p contributes
significantly to the beam width in the detection plane. This

quantum range is magnified in the inset of Fig. 3.

The horizontal error bars in this picture have two compo-

nents, namely, the precision both of the absolute zero and of

the scaling of the piezotranslation as a function of the ap-

plied voltage. Both are only important for a small slit width

#x . The absolute zero !closed" position of the piezoslits is
known with an error of "30 nm, as mentioned above. The
scaling with the applied piezo voltage is nonlinear and fol-

lows a hysteresis curve, which has been calibrated. We esti-

mate an uncertainty of "3% in the calibration of the hyster-

esis curve.

The vertical error bars estimate the uncertainty of the

measured width of the beam in the detection plane. For small

slit widths #x these values are obtained from a least-squares
Gaussian fit to the detected curve. For large #x the marked
trapezoidal shape as well as the high signal-to-noise ratio

permit a direct reading of the experimental and theoretical

FWHM values with very high accuracy.

The numerical simulations in Fig. 3 are based on the fact

that the Schrödinger equation of our time-independent prob-

lem is formally equivalent to the Helmholtz equation and

can, therefore, be treated using all the methods well known

from optics. The solution is done in close analogy to the

numerical approach as used in Ref. %11& for neutrons and
similarly in Refs. %12,13& for atoms. There is no free param-

eter in the calculation except for a broadening of the detector

resolution by 3.5 $m with respect to the best detector reso-

lution curves recorded some time earlier %9&. This offset is
most likely explained by a residual tilt of 2.7 mrad between

laser and diffraction slit. This is in agreement with diffrac-

tion curves not shown here, which were recorded using the

same setup but at half the width of the first collimation slit.

Since in previous papers it has been pointed out that the

form factor of single slit diffraction may be influenced by the

van der Waals interaction between the molecule and the slit

walls %14,8&, one may wonder whether this effect may be-
come visible in the present experiment. However, the slit

widths here, except for the smallest, are much larger than in

the former grating diffraction experiments, where the effec-

tive slit width was reduced by about 15 nm. Since the van

der Waals potential above a surface decreases with the third

power of the object-wall distance the effect becomes small

for the present study although the slit thickness is bigger than

that of the previously used SiNx gratings. For the smallest

slit width #x'70 nm, a possible contribution is masked by
the experimental error bar.

In the following, we compare our findings with the

Heisenberg uncertainty relation between position and mo-

mentum. For this we use the method as indicated further

above: From the measured beam width we separate the in-

fluence of the detector resolution in a deconvolution proce-

dure. The remaining molecular-beam width is then decom-

posed into its classical and quantum part.

We can then plot #p as derived from Eq. !1" as a function
of #x for slit openings lying well in the quantum regime and
obtain Fig. 4. The full circles represent the values extracted

from the experiment with error bars directly related to those

of the inset of Fig. 3. The continuous line corresponds to the

function #p!Ch/#x with C!0.89, which would be ex-
pected from diffraction theory for the passage of a mono-

chromatic plane wave through a slit.

In conclusion, we regard the quantitative agreement be-

tween the experimental data and the predicted curve as a

good support for the validity of the Heisenberg uncertainty

principle for the fullerene C70 , i.e., for a system of interest-

ing complexity. These experiments lend further support to

our expectation that it will be possible to observe quantum

interference phenomena for even larger molecules and clus-

ters.
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FIG. 4. Experimental verification of the Heisenberg uncertainty

relation for C70 . The momentum uncertainty values #p are derived
from the far-field molecular-beam widths Wexpt as described in the

text. The position uncertainty #x is given by the width of the sec-
ond slit. The continuous line represents the expectation of a wave

model for a monochromatic plane wave passing a slit.
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"p = 0.89 (h/2!)/"x
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Stabilità della materia e indeterminazione

Perché la materia non collassa?

Elettrone che si trovi esattamente nel minimo dell’energia potenziale

(ad esempio, proprio su un nucleo):

estremamente ben localizzato.

∆p∆x ≥ !
=> grande indeterminazione sul momento,

ovvero: il pacchetto d’onda corrispondente conterrebbe molte componenti 

a grande p con peso significativo.

=> grande energia cinetica!

K =
p2

2m
=> un elettrone non può trovarsi esattamente in un punto

(ad esempio nel minimo del potenziale)!

La materia non collassa.

Nota: le orbite stazionarie di Bohr violano il principio di indeterminazione!
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Dimensioni atomiche (ordine di grandezza)

∆p∆x ≥ !

Assumiamo che l’elettrone giaccia su un orbita circolare (per semplicità). Allora 

la “lunghezza d’onda” dell’elettrone deve adattarsi a un cerchio di lunghezza 2!r.

Il momento è allora (relazione di de Broglie):

L’energia totale è la somma di energia cinetica e potenziale:

La stima del raggio dell’atomo di 

idrogeno fornisce (dal minimo di E)

Etot = K + U =
p2

2m
+ (−e) [V (r)− V (∞)] =

=
p2

2m
− e

e

4πε0r
=

!2

2mr2
− e2

4πε0r

che ha un minimo a distanza finita! La materia non collassa.

rmin =
4πε0!2

me2
! 0.528Å

E l’energia corrispondente:

Emin = E(rmin) ! −13.6 eV
negativa: stato legato.

1 eV = 1.60219 · 10−19J

p = h/λ ∼ !/r

Esercizio: mostrare che in 

meccanica classica l’energia non è 

limitata inferiormente (ovvero, 

l’elettrone collassa nell’origine).
Suggerimento: scrivere p (in meccanica 

classica) per un moto circolare
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Indeterminazione energia/tempo

#

F
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q
u
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#
0

La particella/onda evolve (“si propaga”) anche nel tempo. Quindi, a x fissata,

#

"#

F
re

q
u
en

za

#
0

t t
"t

Uno stato che decade in tempi brevi 

non ha energia ben definita

(“sovrapposizione di onde a varie 

frequenze”)

Uno stato con energia estremamente 

ben definita esiste per un tempo lungo.

(“la frequenza deve essere ben 

definita”)

2π∆ν∆t ≥ 1 −→ ∆E∆t ≥ !
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Indeterminazione energia/tempo

∆E∆t ≥ !

Si può ottenere:

1] per analogia con il pacchetto gaussiano, per cui si può dimostrare che 

∆ω∆t ≥ 1

2] partendo dal principio di indeterminazione posizione/momento:

∆x∆p ≥ !
usando la definizione di velocità di gruppo: vg =

∆ω

∆k

il concetto di posizione per una particella: ∆x = vg∆t

e la relazione numero d’onda - momento: ∆p = !∆k
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Riassunto

• Natura ondulatoria e corpuscolare.

• Probabilità.

• Stati stazionari, energie discrete per stati legati.

• Indeterminazione.

Gli esperimenti indicano che una teoria quantistica 

dovrà contenere:


