
1
S
t
p
g
s
[
l
t
d
[

h
s
[
m
h
i
[
t
v
t
v
l
e

f
t
p
[
s
l
e
h
s
t

Santarsiero et al. Vol. 26, No. 6 /June 2009 /J. Opt. Soc. Am. A 1437
Synthesis of electromagnetic Schell-model sources
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A procedure for the synthesis of the most general electromagnetic Schell-model light source is proposed. It
makes use of the generalized van Cittert–Zernike theorem to produce the electromagnetic source starting from
a primary spatially incoherent source, characterized by a suitable position-dependent polarization matrix. By
resorting to the spectral decomposition of the polarization matrix, it is shown how such an incoherent source
can be synthesized by using a Mach–Zehnder interferometer, with suitable amplitude transmittances placed in
its arms, fed by two mutually uncorrelated laser beams. Examples are given for the case of electromagnetic
Gaussian Schell-model sources. © 2009 Optical Society of America
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. INTRODUCTION
chell-model (SM) sources were introduced in the scalar
heory of coherence [1,2] as a fundamental tool to describe
artially coherent light sources having shift-invariant de-
ree of spatial coherence. They found application in the
tudy of the radiation emitted by several natural sources
3,4] and, since they can always be synthesized in the
aboratory starting from spatially incoherent sources [5],
hey soon became a typical tool for experimentally vali-
ating several results of the scalar theory of coherence
6–14].

The generalization of SM sources to the vectorial case
as been considered in recent times, and, as well as their
calar counterparts, electromagnetic SM (ESM) sources
15] are playing an important role in the development of
odern coherence theory. In particular, great attention
as been devoted to the so-called electromagnetic Gauss-

an SM (EGSM) sources, which have been introduced
16–18] within the framework of the electromagnetic
heory of coherence as the natural generalization to the
ectorial case of scalar GSM sources [2,19]. Since their in-
roduction, EGSM sources have proved to be useful in re-
ealing interesting and intriguing new coherence and po-
arization features in the study of random
lectromagnetic beams [20–33].

On the other hand, synthesis of ESM sources is still far
rom being a common task in optics laboratories, and, un-
il very recent times, experimental procedures had been
roposed only for some specific classes of ESM sources
34,35]. The first experimental arrangement was pre-
ented some years ago [34] for the synthesis of a particu-
ar type of EGSM source. These ESGM sources were gen-
rated by exploiting the van Cittert–Zernike (vCZ,
enceforth) theorem for electromagnetic sources [36],
tarting from two spatially incoherent primary sources
hat had suitable intensity profiles and were linearly po-
1084-7529/09/061437-7/$15.00 © 2
arized along orthogonal axes and that eventually super-
mposed through a Mach–Zehnder interferometer (MZI,
enceforth). Later, a different method for generating
GSM beams, which does not use the vCZ theorem, was
roposed [35]. According to it, the source is synthesized by
uperimposing two spatially coherent beams with or-
hogonal polarizations, their phases modulated by two
utually correlated liquid-crystal spatial light modula-

ors and their intensities modulated by two Gaussian-
haped amplitude filters. Even in this case, however, ob-
ainable sources constitute a subset of the most general
lass of EGSM sources.

In a recent paper, however, a procedure that represents
he extension to the vectorial case of the well-established
echnique used in the scalar case has been suggested for
he synthesis of the most general ESM source [37]. It has
een shown, in fact, that any ESM source can be synthe-
ized by using the vCZ theorem, starting from a primary
lanar spatially incoherent source that is characterized
y a suitable position-dependent polarization matrix.
Controlling the intensity distribution and the polariza-

ion state of a spatially incoherent source is a task that is
ar from trivial from an experimental point of view. In the
resent paper we propose a possible arrangement for pro-
ucing such a source, to be used in the synthesis of a gen-
ral ESM source. The technique exploits the fact that any
olarization matrix can be synthesized starting from two
erfectly polarized fields having orthogonal polarizations,
ncoherently superimposed with suitable powers. The
nalytical properties of such fields suggest the use of an
xperimental setup based on a MZI, endowed with ampli-
ude transmittances placed into its arms, and anisotropic
ptical elements. As we shall see, in many cases of prac-
ical interest only conventional optical elements are
eeded.
The paper is arranged as follows. In Section 2, ESM
009 Optical Society of America



s
b
a
a
g
e
c
c

2
S
W
m
w

w
w
q
a
a
p
s

B
[

I
t
c
a
r
r
�

a
d
c
s
c
t
j

f
a

t
t
J

o

A
b

s
[
s
s

f
s
i

3
T
E
i
F
m
T
t
b
m
a
s

w
t
t
l

s
t
d
f
m
b

F
t

1438 J. Opt. Soc. Am. A/Vol. 26, No. 6 /June 2009 Santarsiero et al.
ources are described in the framework of the so-called
eam-coherence–polarization (BCP) matrix, and realiz-
bility conditions for such sources are given. In Sections 3
nd 4 the general synthesis scheme and the procedure to
enerate the primary incoherent source are given. As an
xample, the proposed method is applied to the particular
ase of EGSM sources in Section 5. Finally, the main con-
lusions are summarized in Section 6.

. ELECTROMAGNETIC SCHELL-MODEL
OURCES
e shall describe an ESM source by means of the BCP
atrix [38,39]. Let us recall that this is a 2�2 matrix,
hose elements are defined through the relations

J���r1,r2� = �E��r1,t�E
�
*�r2,t��; ��,� = x,y�, �1�

here E��r , t� ��=x ,y� is the analytic signal associated
ith the electric field component along the � axis of a
uasi-monochromatic wave at position r and time t. The
ngular brackets denote time averages. The extension to
space–frequency approach, where the BCP matrix is re-
laced by the cross-spectral density tensor [2,3,15], is
traightforward and will not be considered here.

The most general ESM source is characterized by a
CP matrix whose elements are of the following form

2,15]:

J���r1,r2� = s��r1�s��r2�j���r1 − r2�. �2�

ts diagonal elements (J��, �=x ,y) correspond to the mu-
ual intensities that would characterize the source if the �
omponent of the field ����� were eliminated, for ex-
mple, by a linear polarizer. In the present case, they rep-
esent scalar SM sources and the functions j�� are the cor-
esponding degrees of spatial coherence [2], while s��r�
�=x ,y�, defined as

s��r� = �J���r,r�, �3�

re nonnegative functions. The analytical forms of such
egrees of spatial coherence cannot be chosen at will, be-
ause they have to ensure that the functions J�� repre-
ent nonnegative definite kernels, as required for spatial
orrelation functions [2]. It can be proved, however, that
he nonnegativeness condition is satisfied if, and only if,
�� have nonnegative Fourier transforms, i.e. [8],

j̃����� � 0 �� = x,y� �4�

or any �, where the tilde denotes Fourier transformation
nd � is the vector position across the Fourier plane.
Functions Jxy and Jyx, on the other hand, account for

he correlations that exist at two distinct points between
he x and the y component of the field. In particular, since
xy�r1 ,r2�=Jyx

* �r2 ,r1�, Eqs. (2) and (3) lead to

jyx�r1 − r2� = jxy
* �r2 − r1�, �5�

r, equivalently, in the Fourier domain,

j̃yx��� = j̃xy
* ���. �6�

s far as the functional form of jxy is concerned, it cannot
e arbitrary either, because of the nonnegativity con-
traint that must be fulfilled by the BCP matrix [39]. In
37] it has been proved, however, that the necessary and
ufficient condition for the BCP matrix of a typical ESM
ource to be bona fide is

�j̃yx���� � �j̃xx���j̃yy��� �7�

or any �. As we shall see in the next section, the proposed
cheme for the synthesis of the ESM source takes Eq. (7)
nto account automatically.

. SYNTHESIS SCHEME
he synthesis scheme proposed in [37] for generating
GSM sources basically consists of a Fourier transform-

ng optical system, followed by an amplitude filter (see
ig. 1). The transmission function of the filter, say, t��r�,
ay be different for the two polarization components.
his could be implemented, for instance, by splitting the

wo polarization components by means of a polarizing
eam splitter, filtering them with two different amplitude
asks, and eventually recombining them. Of course, such
procedure is not necessary if tx�r�= ty�r�, in which case a

ingle mask is sufficient.
The impulse response of the system in Fig. 1 is given by

H��r;u� = t��r�exp�i
2�

�f
r · u� , �8�

here r and u are two-dimensional spatial vectors across
he output ��o� and input ��i� planes, respectively, � is
he radiation wavelength, and f is the focal length of the
ens.

Let a spatially incoherent quasi-monochromatic planar
ource be placed across the plane �i and let P̂�u� denote
he position-dependent polarization matrix of the field ra-
iated from such source, at the source plane. Starting
rom the definition in Eq. (1), each element of the BCP
atrix of the field at the output plane of the system can

e evaluated as

ig. 1. (Color online) Fourier transforming optical system for
he synthesis of electromagnetic Schell-model sources.
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J���r1,r2� =	 P���u�H��r1,u�H
�
*�r2,u�d2u, �9�

here P�� are the elements of P̂. It should be noted that,
part from curvature factors, an optical system of this
ind corresponds to a free propagation in Fraunhofer con-
itions, so that Eq. (9) reduces to the vCZ theorem for
lectromagnetic sources [36].

On using Eqs. (8) and (9), together with the definition
n Eq. (3), it is not difficult to show that the ESM source in
q. (2) can be generated as the output of the optical sys-

em in Fig. 1, starting from a primary, spatially incoher-
nt source characterized by a position-dependent polar-
zation matrix, say, P̂�u�, whose elements are given by

P���u� =
1

�2f2 j̃��� u

�f� , �10�

nd using an amplitude mask across the plane �o of the
orm

t��r� = s��r�. �11�

It is interesting to note that the requirement that the
ncoherent source across �i be physically realizable is au-
omatically satisfied if the condition in Eq. (7) is met. In
act, in order for the incoherent source to be realizable,
he matrix P̂�u� must be a bona fide polarization matrix;
.e., it must be Hermitian, positive semidefinite, and with
onnegative diagonal elements at any source point. Her-
iticity of P̂�u� follows directly from Eqs. (10) and (6),
hile the positivity of its diagonal elements comes from
q. (4). On the other hand, semipositivity of P̂ implies

hat its determinant must be nonnegative, i.e.,

Pxx�u�Pyy�u� � �Pxy�u��2 �12�

or any u. Taking Eq. (10) into account, the latter condi-
ion reduces to the following one:

j̃xx� u

�f� j̃yy� u

�f� � 
 j̃xy� u

�f�
2

, �13�

hich is equivalent to that in Eq. (7). This means, in turn,
hat any ESM source can be realized through a synthesis
cheme of this kind [37].

. SYNTHESIS OF THE INCOHERENT
OURCE

t is easily realized that a critical point of the above pro-
edure is represented by the synthesis of the primary in-
oherent source, whose position-dependent polarization
atrix is defined in Eq. (10). In some simple cases this
ay not represent a serious problem [34], but in general

ne might need to control both the intensity and the po-
arization state of the source point by point, which is a
ather challenging experimental problem. As we are going
o show, however, this problem can be solved in the most
eneral case by noting that the polarization matrix can al-
ays be expressed through its spectral decomposition

40], which in the present case reads
P̂ = 	+U+U+
† + 	−U−U−

† . �14�

ere, 	± are the two eigenvalues of P̂, U± are the corre-
ponding eigenvectors, represented by column vectors,
nd the dagger denotes Hermitian conjugation. Of course,
or a bona fide polarization matrix the eigenvalues are
onnegative and the eigenvectors are (or can be chosen
s) orthonormal.
Physically, the expansion in Eq. (14) states that any po-

arization matrix can be synthesized starting from two
erfectly polarized fields having orthogonal polarizations,
epresented by the Jones vectors U±, incoherently super-
mposed with powers given by 	±.

Eigenvalues and eigenvectors of P̂ can be readily evalu-
ted and turn out to be

	± =
1

2
��Pxx + Pyy� ± ��Pxx − Pyy�2 + 4�Pxy�2�, �15�

nd

U+ =
1

�1 + 
2
ei�

1 � ,

U− =
1

�1 + 
2− ei�


 � , �16�

espectively, where


 =
�Pxx − Pyy� + ��Pxx − Pyy�2 + 4�Pxy�2

2�Pxy�
, �17�

nd � is the argument of the complex number Pxy. In the
bove expressions we omitted, for brevity, the explicit de-
endence on u, but it should be kept in mind that the ei-
envalues, the quantity 
, and the phase � depend in gen-
ral on the position across the source. Furthermore, it
hould be stressed that 
 is nonnegative for any value of
, as is evident from Eq. (17), but it may assume any
alue, including, as limiting values, zero and infinity, cor-
esponding to modes polarized along x or y.

The symmetry of the mode structure evidenced in Eq.
16) suggests a practical way for producing the spatially
ncoherent source to be used in the synthesis of the ESM
ource. The scheme is depicted in Fig. 2. Basically, it re-
ies on a MZI fed by two independent collimated mono-
hromatic laser beams ��±�, linearly polarized at � /4 with
espect to the horizontal, entering the interferometer
rom two orthogonal directions.

Consider first Fig. 2(a). The laser beam �+, after being
xpanded and collimated, passes through a transparency
haracterized by the real transmission function �+

A�	+, placed at the transverse plane �+. The parameter
is an arbitrary amplitude factor and can be chosen at

ill, for instance, to set to 1 the maximum value of �+.
The polarizing beam splitter (PBS) splits the initial po-

arization state in such a way that the reflected compo-
ent (y polarized) is sent to the upper branch of the MZI,
hile the transmitted component (x polarized) goes

hrough the lower branch. The lens L+ images the field
merging from � onto the planes � and � , in the lower
+ � u
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nd in the upper path, respectively. At planes �� and �u
wo transparencies, having transmission functions given
y 
�=
 /�1+
2 and 
u=1/�1+
2, respectively, are
laced, so that the x component of the field is multiplied
y 
� and the y component by 
u. Note that both such
unctions take values between 0 and 1, so that the corre-
ponding transparencies consist in amplitude-only masks.
he collecting, nonpolarizing beam splitter BS eventually
rovides the superposition of the images of the fields
merging from �� and �u onto the plane �i, through the
ens L. We shall assume, without loss of generality, that
he optical lengths of the two arms are identical (or differ
y an integer number of wavelengths).
At the plane �i, the phase difference � between the x

nd the y component of the mode is introduced by means
f a suitable anisotropic optical element (denoted by  in
ig. 2). The latter may consist, for instance, of a plate
ade of a birefringent material having locally varying

hickness. The radiation emerging from the plate is even-
ually sent onto a rotating ground glass (G), which gives
ise, across �i, to a spatially incoherent secondary source
ith polarization matrix given by the first term on the

ight-hand side of Eq. (14).
From an experimental point of view, since the phase el-

ment  and the rotating ground glass G should be placed

ig. 2. (Color online) A MZI fed by two independent laser
eams: �+ (a) and �− (b).
t the same plane, a converging lens could be used to im-
ge on G the field emerging from , or vice versa. It is im-
ortant to stress, however, that for the synthesis of sig-
ificant classes of ESM sources, namely, those for which
he argument of Pxy is independent of the spatial coordi-
ate u, the element  consists of a conventional retarda-
ion plate that is used to introduce a spatially uniform
hase delay between the two polarization components. In
uch cases, the synthesis of the source is performed using
nly conventional optical elements and amplitude trans-
arencies. An example of such sources will be presented
n the following section.

As far as the second term on the right-hand side of Eq.
14) is concerned, it is not difficult to realize that its syn-
hesis can be achieved by using another laser beam, �−,
olarized at 45°, feeding the same interferometer from
he other face of the PBS, as depicted in Fig. 2(b). The
ens L− images the field emerging from a transparency, lo-
ated across �− and characterized by the field transmis-
ion function �−=A�	−. The role of the PBS is somewhat
eversed, since the reflected component (polarized along
) passes through the lower arm and is imaged onto the
ransparency 
�, while the transmitted one (polarized
long x) passes through the upper arm of the interferom-
ter and is modulated by 
u. As for the previous case, the
wo components are recombined by the BS and imaged
nto the plane �i by the lens L, but now they are in phase
pposition because, within the interferometer, the y com-
onent of the electric field undergoes more reflections
han in the previous case (see Fig. 2). Again, the phase
ifference � between the orthogonal components of the
eld is given to the mode through the element .
If the interferometer is fed by �+ and �− at the same

ime, a spatially incoherent source with locally varying
olarization matrix P̂ is produced across the plane �i.
uch source can be used as the input of the optical system

n Fig. 1 to produce ESM sources with assigned
oherence–polarization properties. In the next section, re-
ults obtained here will be applied to the case of EGSM
ources.

. EGSM SOURCES
he most general EGSM source is characterized by the

ollowing BCP matrix [15]:

J���r1,r2� = I�� exp�−
r1

2

4��
2�exp�−

r2
2

4��
2�exp−

�r2 − r1�2

2���
2 � ,

�18�

here ��, ��� �� ,�=x ,y� are real and positive parameters.
urthermore, I���0, while Ixy�=Iyx

* � can be complex.
The number of independent real parameters is nine,

ut the values of such parameters can be chosen at will
nly within some specific ranges, which are specified by
mposing the nonnegative definiteness of the BCP matrix
17,37,41]. In fact, the condition in Eq. (13), ensuring non-
egativeness of the BCP matrix, in this case reads
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IxxIyy�xx
2 �yy

2 exp−
2�2��xx

2 + �yy
2 �

�2f2 u2�
� �Ixy�2�xy

4 exp�−
4�2�xy

2

�2f2 u2� , �19�

ig. 3. Transmission functions (solid curves, 
� and �+; dashed
erent choices of the source parameters: (a) Ixx=1, Iyy=0.8, Ixy=0
xy=0.2; (c) Ixx=1, Iyy=1, Ixy=0.1, �xx=0.1, �yy=0.1, �xy=0.3.
or any u. In particular, since the functions on the left-
nd right-hand sides of Eq. (19) decrease monotonically,
n considering such inequality for the limiting cases
→0 and u→�, the following fork inequality is
erived:

, 
u and �−) to be used in the synthesis procedure for three dif-
0.2, �yy=0.1, �xy=0.2; (b) Ixx=1, Iyy=0.8, Ixy=0, �xx=0.2, �yy=0.1,
curves
.4, �xx=
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�xx
2 + �yy

2

2
� �xy

2 � �xx�yy

�IxxIyy

�Ixy�
. �20�

From the results presented in the previous section, it
ollows that the EGSM source in Eq. (18) can be gener-
ted as the output of the optical system in Fig. 1, starting
rom a primary, spatially incoherent source characterized
y a position-dependent polarization matrix whose ele-
ents are given by

P���u� =
2�I�����

2

�2f2 exp�−
2�2���

2

�2f2 u2� , �21�

ith a transmission mask at the plane �o chosen as

t��r� = exp�−
r2

4��
2� . �22�

In this case, the phase of the upper off-diagonal term of
he polarization matrix coincides with the argument of
he complex number Ixy, and therefore it is independent of
he spatial coordinate. Therefore, the phase modulator 
resent in the experimental setup of Section 4 reduces to
spatially uniform retardation plate. The synthesis of

ny EGSM can then be achieved using only amplitude
ransparencies and conventional optical elements. In the
ollowing, for simplicity, we assume Ixy to be real, so that
e can get rid of the above retardation plate.
Numerical examples, shown in Fig. 3, refer to three dif-

erent choices of the parameters corresponding to three
ypical cases of EGSM sources. Spatial coordinates and
istances have been normalized in such a way that ��f
1, i.e., u /��f→u and ��� /��f→��� �� ,�=x ,y�.
While the first case [Fig. 3(a)] corresponds to a rather

eneric situation, in the second one [Fig. 3(b)] there is no
orrelation between the orthogonal components of the
eld �Ixy=0�, and in the third one [Fig. 3(c)] the orthogo-
al components have the same amplitude �Ixx=Iyy� and
he same width of the degree of coherence ��xx=�yy�.

The last example, in particular, corresponds the case
tudied in [34], where an EGSM source was synthesized
n superimposing, through a MZI, two spatially incoher-
nt sources with suitable intensity profiles, linearly polar-
zed along x and y, respectively. Such profiles represented
he sum and the difference, respectively, of two Gaussian
unctions having different widths and peak values. The
GSM was then produced after free propagation from the
esulting spatially incoherent source, through the vCZ
heorem. The final form of the BCP matrix of the source
as then obtained by carrying out a rotation of � /4 of the
olarization direction of the field.
It is worth showing how the setup presented here en-

ompasses, as a particular case, that proposed and imple-
ented in [34]. In fact, on choosing �xx=�yy and Ixx=Iyy,

he diagonal elements of P̂ turn out to be coincident, i.e.,
xx=Pyy. Therefore, from Eqs. (15) and (17), we have


 = 1, �23�

howing that the polarization of both modes is uniform
cross the source plane. In particular, since Ixy is assumed
eal, i.e., �=0, the two modes turn out to be linearly po-
arized at ±� /4 [see Eq. (16)]. Having 
=1 also implies
hat the two transparencies within the arms of the inter-
erometer (
u and 
�) are identical and have uniform
ransmittance, so that they can be removed. Further-
ore, we have

	± = Pxx ± �Pxy�, �24�

.e., the eigenvalues are given by the sum and the differ-
nce, respectively, of two Gaussian functions [see Eq.
21)]. These are exactly the intensity profiles of the two
ncorrelated fields that overlap on the plane �i, as was
he case for the experimental procedure of [34].

. CONCLUSIONS
n experimental arrangement has been presented for the
ynthesis of the most general ESM quasi-monochromatic
ource. It is based on the use of the vCZ theorem for elec-
romagnetic sources, starting from a spatially incoherent
ource characterized by a suitable position-dependent po-
arization matrix. The synthesis of incoherent sources of
his kind can be realized by superimposing, on a rotating
round glass, two completely polarized, mutually incoher-
nt light fields, whose shape, polarization, and power con-
ent are obtained from the spectral decomposition of the
olarization matrix of the source. Such fields are physi-
ally realized by means of a MZI, with suitable amplitude
ransmittances placed in its arms, fed by two indepen-
ent, linearly polarized laser beams entering the interfer-
meter from two orthogonal directions.
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