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Thin annular sources, either coherent or completely incoherent from the spatial standpoint, have played a sig-
nificant role in the synthesis of diffraction-free and J-correlated fields, respectively. Here, we consider thin
annular sources with partial correlation. A scalar description is developed under the assumption that the cor-
relation function between two points depends on their angular distance only. We show that for any such source
the modal expansion can easily be found. Further, we examine how the correlation properties of the radiated
fields change on free propagation. We also give a number of examples and present possible synthesis schemes.
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1. INTRODUCTION

Thin annular apertures have been used to synthesize two
important classes of optical beams. In fact, when illumi-
nated with spatially coherent light, a thin annular aper-
ture can be used to produce diffraction-free beams [1,2],
whereas under spatially incoherent illumination, it gives
rise to Jy-correlated fields [3,4].

In the present paper we investigate the properties of
sources constituted by thin annular apertures illumi-
nated by partially coherent light. We will develop a scalar
treatment, while the extension to the electromagnetic
case will be considered elsewhere. We shall refer to the
case in which the correlation functions between two
points depend on their angular distance only, i.e., when
such functions are shift-invariant in the angular sense.
We shall show that the pertinent modal expansions [5,6]
can be found by elementary means. Further, we shall see
how to evaluate the correlation functions of the fields
propagated away from such sources.

Since the sources of our interest are essentially one-
dimensional, a comparison can be made with the case of a
rectilinear geometry. In such case, shift-invariant correla-
tion functions correspond to homogeneous sources [7]. As
is well known, such sources are considered to be rather
unphysical, because they should have an infinite extent.
As a matter of fact, this is why quasi-homogeneous
sources were introduced [8]. Furthermore, shift-invariant
correlation functions do not belong to the class of Hilbert—
Schmidt kernels, so that the theory of modal expansion
cannot be applied. Of course, such limitations do not ap-
ply to the case of angular shift-invariance.

In a sense, our sources are obtained by wrapping a rec-
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tilinear source around a circle, something reminiscent of
the Born—von Karman boundary conditions for an ideal
crystal. This leads to sources whose correlation functions
are angularly periodic. Then, the Fourier series can be
used as the basic analytical tool. In fact, it is this tool that
allows us to determine the modal expansions as well as
the expressions for the propagated fields. From the ex-
perimental point of view, we shall see how these sources
could be synthesized.

The following definitions of functions will be used
throughout the paper:

1 |x|<1/2

rect® =10 =12
_ 1-|x| ¢[=1
W= 5 =1
sin(mx)

sinc(x) = s

™

1 sin[(2N + 1)x/2]
diry(x) = . (1)

2N +1 sin(x/2)

The names of the first three functions are rather familiar.
As for the latter, it arises from this function’s association
with the name of Dirichlet.

© 2008 Optical Society of America
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2. MODAL ANALYSIS

We shall describe the scalar spatial coherence properties
using the mutual intensity [9], say J(p1,p2,2), between
two points specified by the vectors p; and py across the
plane z=constant. The mutual intensity across the source
plane is defined as

J(PI,PZ,O) = <V(91’O,t)V*(P2,0at)>, (2)

where V(p,z,t) is the scalar analytic signal describing the
quasi-monochromatic field at point (p,z) and time ¢. By
assuming the process to be stationary and ergodic, the
angle brackets can be thought of as denoting a time aver-
age. It should be noted that the analysis we are going to
develop could be based on the use of the cross-spectral
density [5,6]. In the synthesis schemes, however, we will
have to deal with temporal averages, so the mutual inten-
sity seems to be a more suitable tool.

Let us now recall that the mutual intensity has to be a
nonnegative definite kernel [5,10]. This means that the
quadratic quantity,

Q=JJ J(P1,P27O)g*(P1)g(Pz)d2P1d2P2, (3)

has to satisfy the condition
Q=0 (4)

for any choice of the (well-behaving) function g(p). We fur-
ther recall that by modal expansion we essentially mean
the Mercer’s series [5]

J(p17p270) = E Anq)n(pl)cD;(pZ)a (5)

where A, and ®,, denote eigenvalues and eigenfunctions,
respectively, of the homogeneous Fredholm integral equa-
tion

f J(p1,p2,0)®(py)d®py = AD(py), (6)

the integral being extended to the source plane. In Eq. (5),
a typical eigenfunction (as well as the corresponding ei-
genvalue) is assumed to be specified by a single index n,
although for a planar two-dimensional source, two indices
are generally used.

We now refer to sources in the form of an infinitely thin
annulus. Using polar coordinates, we let p;=(p;,¢;), (
=1,2), and describe the annulus by means of radial delta
functions. Accordingly, we write an angularly shift-
invariant mutual intensity as

J(p1,p2,0) = KS&(py — a)pg — a)d ,(¢1 — @2), (7

where K is a positive constant and a is the radius of the
annulus. It will be apparent later on (see Section 4 on
propagation) that K has dimensions of an area. The cor-
relation properties along the annulus are accounted for by
the the shift-invariant function J,(¢;—¢s), whose dimen-
sions are those of a mutual intensity. It is with this func-
tion that we shall be mainly concerned. We shall loosely
refer to it as the mutual intensity although, strictly
speaking, the latter is given by Eq. (7).
Because of the basic relation
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J(pQ’plao) =J*(P1,P2,O): (8)

we see that J, is Hermitian. Note that the optical inten-
sity along the annulus is proportional to /,(0) and, hence,
is uniform. We shall further suppose </, to possess a Fou-
rier series expansion as

©

Jo(o1—-@9) = > v, explin(e; - ¢9)]. 9

n=-%

Since the function J,(-) is Hermitian, the coefficients 1y,
are real. Furthermore, in order to represent a bona fide
angular, shift-invariant correlation function, J/, must also
be nonnegative definite. On invoking the Bochner theo-
rem [11], and thanks to the periodicity of J,, it turns out
that the necessary and sufficient condition for this is that
all Fourier coefficients vy, be nonnegative.

We now see that Eq. (9) can be read as a modal expan-
sion. The orthonormal eigenfunctions are exp(in¢)/ \3’%,
and the associated (nonnegative) eigenvalues are 27y,.
This is due to the angular shift-invariance of the correla-
tion function (see also [12]). Let Jg(¢19) be the restriction
of the periodic function J,(¢19) to the interval (—,m),
where, for brevity, we let ¢19=¢1—¢y. Then, the vy, coeffi-
cients, which, for a Hermitian function, have the well-
known expression

1 ks
Yn = _2 f Jo(@r2)exp(=ineip)ders
™ -

1

= z_f R{J(¢12)exp(- inei9)tde;s, (10
™ -

coincide, up to a proportionality factor, with the samples
of the one-dimensional Fourier transform (FT from now
on) of Jp, taken at a distance 1/(27) from one another. In
fact, we have

~(n i
JR(ZT) = f Jo(@1)exp(=ingip)dery =27y, (11)
where the tilde denotes FT.

This remark furnishes a sufficient criterion to decide
whether a given form of /, corresponds to a genuine mu-
tual intensity. It is so whenever the FT of the truncated
function Jy is everywhere nonnegative. For instance, the
function

P12

Trl(er) =1 tri(—l), (12)

&€

where [ is a positive constant and 0 <e<, can be surely
taken as a bona fide mutual intensity because its FT is
nowhere negative. On the other hand, the deceptively rea-
sonable choice

P12
Jr(p19) =1 rect % (13)

is actually senseless, because some of the eigenvalues
would necessarily be negative. In fact, in this case, the
Fourier coefficients vy, turn out to be proportional to
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sinc(ne/ ) and it is not possible to choose a value of e(< )
such that all of them are positive.

3. EXAMPLES

The simplest example is that of a delta-correlated source.
On propagation this gives rise to Jy-correlated partially
coherent fields [3], which have been studied in several pa-
pers [4,13-22]. Although a deltalike correlation function
does not belong to the class of Hilbert—Schmidt kernels, a
modal expansion can be found [23]. Here, we simply note
that in such limiting case all the eigenvalues become
equal to one another, as can be seen from Eq. (10) by for-
mally replacing /, by a delta function. Therefore, there is
only one eigenvalue with infinite degeneracy.

As a second example we assume that in the interval
(-, m), J, is given by

o w
JR(<P12)=IoreCt<2—i) > tril(gyg - 27mm)le],  (14)

m=-%

where 0<e<2mw and I, is a positive constant. In words,
the periodic function J, is constituted by a series of isos-
celes triangles centered at 0, +27, +47,... and having ba-
sis length 2e. The triangles do not overlap if e< . On in-
creasing € beyond 7 the triangles overlap more and more,
until for e=27 the function J, becomes flat and the coher-
ent limit is reached (see Fig. 1). On the other hand, the
incoherent limit is approached for e<2.

The eigenvalues 27y, can be evaluated by inserting Eq.
(14) into Eq. (10); they turn out to be given by

2myy =Ie, (15)

410 ne
27y, = —5— sin®| — (n #0). (16)
n‘e 2

Let us first consider the limiting coherent case e=2m. As
expected, all the eigenvalues vanish except that of index
zero. On decreasing €, more and more eigenvalues become
significant. Eventually, they tend to coalesce into a single,
degenerate eigenvalue when e tends to zero (although all
of them tend to zero).

For another simple example, we suppose </, to have the
form

AJ&

&n /\__/\—/\

-2n —T T 2n ¢12
AJa

n<e<2m ol
-2n - T 2n 9,

v

e -l
S i
P12

Fig. 1. Plot of Eq. (14) for different values of e.
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(1-9)°
+q%-2q cos <P12’

Jao(p12) =Io1 (17)
where 0<q <1. This is the well-known Airy function [9].
The modal expansion is found at once because the Fourier
series

1-¢2 ~
—_—————— = 7l exp(in 18
PR Tr— Eq pling)  (18)

is known to hold, so that

1-q
q. (19)
l+q

2y, =1,

Accordingly, the eigenvalues decrease in a geometric way
as functions of the modulus of their index. For each of
them there is a twofold degeneracy, except for n=0.

In the previous examples, there is an infinite number of
modes (except in the limiting coherent cases, when e
=21 or ¢—0). Of course, this is not a necessary feature of
the modal expansions. Consider the case in which the mu-
tual intensity J, is given by

Jo(@12) = Iy diry(@q). (20)

Thanks to the equality
N

>, expling;y), (21)

di =—
iry(¢12) oN+1 =

we see that there is only one eigenvalue with degeneracy
2N +1.
Similarly, letting

Jo(@12) =Io diry(¢12) (22)

and recalling the equality
2N

1
diry(eqs) = N+ 12 >, (2N +1-|n)exp(inegss),
n=-2N

(23)

we find a set of eigenvalues that decrease linearly with
the modulus of their index and are endowed with twofold
degeneracy (except the highest one).

It is worthwhile to note that in all our examples the
mutual intensity can be thought of as the superposition of
equally spaced replicas of a single function having a pos-
sibly infinite support. Indeed, the Airy function is a super-
position of Lorentzian curves, the diry function is a super-
position of sinc curves, and the diry of sinc? curves. All
this stems from the celebrated Poisson’s formula [24],
which establishes a simple relation between a single func-
tion, say f(x), and an infinite set of replicas of f(x) spaced
at a distance X from one another. Such formula reads

~ “ [n
E fle +nX)= E )—() exp(2minx/X). (24)
Essentially, Poisson’s formula states that if we sample the
FT of a function, then the inverse FT of the set of
samples, taken as weighted delta functions, is the super-
position of equally spaced replicas of the original function.
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Now, among all possible functions, few have had the
same importance in coherence theory as the Gaussian.
Therefore, it is interesting to investigate a periodic mu-
tual intensity made of a superposition of Gaussian curves.
Replacing x by ¢19 and letting X=27 in Eq. (24) we can
write

° 2
2 exp[- pu(rg + 2mm)%] = D) EXP<—4—+W(P12>,

n,—-oc n=-=

(25)

where u is a positive constant. The right-hand side is
nothing but one of the J-functions of Jacobi. More pre-
cisely, a superposition of Gaussian curves leads to a mu-
tual intensity of the form

I (012) Iﬂ{(pu ( 1)} (26)
a = - €X - 5
P12 0V3 9 P 4

where the 95(x,q) function is defined through the equa-
tion (24)

©

93(x,9) = >, q" exp(2inx), 27)

n=-

where 0<g<1. Clearly, in this case the eigenvalues are
proportional to q”z. As far as we know, this is one of the
few examples in which this venerable function occurs in
optics.

As a last example, we take a mutual intensity of the
form

. P12
Jole12) =1oJo| 29 Sln? > (28)

where o/, stands for the nth Bessel function of the first
kind, and g >0 [25]. As we shall see in Section 5, this case
is tightly connected to the synthesis of shift-invariant an-
nular sources. The coefficients vy, are obtained from for-
mula 6.681.6 of [24] and, up to a common proportionality
factor, read as

Yn = Ji(Q) (29)

Even for this example, use could be made of the Poisson
formula [Eq. (24)]. In this case, however, the function f{¢)
has not a simple form and should be obtained numeri-
cally.

4. PROPAGATION

In this section we will study how the spatial coherence
properties of the field radiated by annular sources change
upon free propagation. We shall limit ourselves to
paraxial approximation.

Let us recall the propagation formula for the mutual in-
tensity from the source plane z=0 to a typical observation
plane z=const. [9]:
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1
J(r17r2’2)=@‘[‘f J(Pl,Pz,O)

ik
X exp{ Z[(rl -p)?-(ry- Pz)z]}d2pld2pz,
(30)

where £=27/\, \ being the mean wavelength. When Eq.
(7) is inserted into Eq. (30) the following result is ob-

tained:
rz)} ffJ (¢1— @2)

—ika
X exp > [r1 cos(¢g = )

Ka? ik
J(ry,1ry,2) = exp[
222

— 79 cos(pg - ﬂz)]}d%d(ﬁ’z’ (31)

where rj, 9;, (j=1,2), are polar coordinates in the obser-
vation plane. It is seen that, for dimensional consistency,
K must have dimensions of squared length. The origin of
this lies in the use of the delta functions in Eq. (7).

As a next step, the Fourier series in Eq. (9) is used.
This gives rise to

Ka?
Jlry,1,2) = 5 exp <r1 r2) E Yn

n=-w

ikary
Xf exp| ing; - B cos(¢r — W) |dey

ikar,
X | exp|-—ings+ cos(gpy — Uy) |des.
z

(32)

Next, we use a change of variables of the form ¢;=a;+9;
-m/2, (j=1,2), and we recall the integral representation
for the Bessel function ¢/, (z) of the first kind and order n
[24], i.e.,

1
J,(u) = —J expli(ne- u sin €)]de. (33)
2 o

Then, we arrive at

Kk%a? ik
J(r17r2?z) = 2 exp _(r% - r;)
z 2z

k k
$S ( arl)%( Zr2>exp[in<al—ﬂz>].

n=-x

(34)

The series on the right-hand side represents, within the
paraxial approximation, the modal expansion of the
propagated field. Up to a constant factor, the modes, say
®,(r,z), are given by
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ik kar
®,(r,2) = exp<£r2>Jn(7)exp(inﬂ), (35)

while the eigenvalues are proportional to the v, coeffi-
cients.

In particular, the optical intensity across the observa-
tion plane is

Kk?a? ”

k
> sz(;) (36)

I(r,z) =J(r,r,2) = —
z¢ .

Therefore, the transverse intensity pattern is shape-
invariant within the paraxial region [26]. Upon propaga-
tion, it is simply attenuated as 1/22 and enlarged by a fac-
tor proportional to z. It will be noted that in the coherent
limit, in which only the y, coefficient survives, the optical
intensity is a J2 structure [27], whereas it becomes uni-
form in the opposite limit, in which the ys tend to be
equal to one another. This ensues from the well-known
formula [24]

> S =1, (37)

n=-—x

for any value of x.

In the general case, the structure of the transverse in-
tensity pattern will be governed by the distribution of the
v, coefficients.

5. SYNTHESIS

In this section, we discuss two possible experimental pro-
cedures for synthesizing scalar, shift-invariant correlation
functions along the annulus. In the first approach, we
start from a circularly symmetric, spatially incoherent
planar source and let the radiation emerging from it im-
pinge on a thin annular aperture. By virtue of the van
Cittert—Zernike (vCZ for short) theorem [9], the mutual
intensity between two points across a plane parallel to the
source depends on their Euclidean distance only [28], so
that the mutual intensity of the radiation emerging from
the annular mask depends only on the difference of their
angular coordinates.

In the second technique, a rotating transparency is put
in front of the annular aperture, and the latter is illumi-
nated by a spatially coherent, uniform, and equiphase
light field, such as a plane wave impinging orthogonally.
Provided that the response times of the instruments used
to detect the radiation emerging from the transparency
are not shorter than the rotation period, the mutual in-
tensity of the field after the transparency turns out to be
exactly of the shift-invariant type discussed here.

A. Use of Primary Incoherent Sources

We start by considering a primary incoherent planar
source with intensity distribution described by the radial
function Ig(p), with p being the position vector across the
source. Suppose an infinitely thin annulus to be placed on
a plane at a distance D from the source. On applying the
vCZ theorem and taking the radial symmetry of the in-
tensity distribution into account, the correlation function

Gori et al.

J,(p19) of the radiation after the annulus, disregarding
proportionality factors, turns out to be

” . P12
Ja(m)“J Is(p)Jo<2ap51n?)pdp, (38)
0
where a=ka/D. On taking Eqgs. (28) and (29) into account,
after some algebra the vy, coefficients are found to be
given by

Yy & f Is(p)J2(ap)pdp. (39)
0

The latter are strictly positive and, therefore, give rise to
a nonnegative definite correlation function. Furthermore,
Y-n="n-

There are some cases in which the coefficients in Eq.
(39) can be expressed in closed-form terms. For instance,
if the primary incoherent source is itself a thin annulus
with radius R, its intensity distribution Ig(p) is propor-
tional to &(p—R). Therefore, the mutual intensity of the
radiation after the annular mask is, from Eq. (38), propor-
tional to Jo[2aR sin(¢5/2)], and the coefficients turn out
to be

Yo =dJa(aR). (40)

Here and in the following examples, the coefficients are
normalized to their sum. Equation (40) exactly corre-
sponds to the example presented at the end of Section 3.

Different primary sources with radial intensity distri-
butions can be obtained by simply superimposing annular
sources with different radii and intensities, according to
Eq. (38). For instance, if we consider a disk of radius R
incoherently and uniformly illuminated, then the follow-
ing coefficients are found:

Yo=dJ2(aR) = dJ,,1(aR)J, 1(aR). (41)

For a Gaussian-shaped primary source having width oy,
we have Ig(p)=exp(-p?/o7) and

a’o? a?o?
Yo =€Xp| = 7, - ) (42)

with Z, being the modified Bessel function of first kind
and order n.

Figure 2 shows the behaviors of the v, coefficients ob-
tained from Eq. (40) (squares), Eq. (41) (open circles), and
Eq. (42) (solid circles) as functions of the index n for aR
=ao7=10. These plots clearly show that the form of J, can
strongly affect the behavior of the eigenvalues. The latter
play a key role in the structure of the propagated field, as
we know from Eq. (34).

B. Use of Rotating Transparencies

Suppose that a plane wave illuminates orthogonally an
opaque mask (M) in which an annular aperture is pierced
(see Fig. 3). The emerging radiation then passes through
a rotating transparency (7). We assume that the trans-
mission function of the transparency depends on the an-
gular coordinate only and we denote it by 7(¢). Therefore,
the disturbance at a typical point ¢ and time ¢ has the
form
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Y

0.10

Fig. 2. (Color online) Coefficients obtained from Eq. (40)
(squares), Eq. (41) (open circles), and Eq. (42) (solid circles) as
functions of the index n for aR=ao7=10.

Vie,t) =A;(t)r(¢ - wt), (43)

where A;(¢) is the complex amplitude of the illuminating
wave and o is the angular velocity of the rotating trans-
parency. The time dependence of A; accounts for possible
fluctuations in amplitude and phase of the incident plane
wave.

The mutual intensity of the emerging field can be
evaluated through a temporal average over one period.
More precisely, we have

1 T
J (@1, 09) = E’f Vi(1,t)V*(@g,t)dt
0

1 T
= ff JA()2 (1 — wt) 7 (g — wt)dt
0

I (T
=7 f (@1 — wt) T(pg - wt)dt, (44)
0

where T is the rotation period. In the last passage it has
been assumed that the intensity I; of the plane wave is
nearly constant over times of the order of the period and
can be drawn out of the integral [29]. A simple change of
variable shows that this gives rise to the shift-invariant
mutual intensity

Fig. 3. (Color online) Rotating transparency coherently illumi-
nated by an annular field distribution.
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J(@1,92) = (012) = I,C\(@19), (45)

where C, denotes the autocorrelation of the transmission
function; that is

1 2
Cip) = 2—f () r(E+ p)dé. (46)
mJo

It is apparent that this is a genuine mutual intensity,
thanks to the physical interpretation of the setup. In
mathematical terms, the nonnegativity of the kernel
specified by Eq. (45) is a consequence of its superposition
nature [10,30].

Let us give a simple example by taking

() =rect<f>. (47)
€

On evaluating C, and using Eq. (45), we find a periodic
function whose restriction to the interval (-, 7) coincides
with that given by Eq. (14).

As we shall see, all the mutual intensities seen in Sec-
tion 3, as well as any other angularly shift-invariant mu-
tual intensity, could be synthesized using the above ap-
proach, by means of suitable transparencies.

Let us consider a periodic function 7(¢) admitting the
Fourier expansion

0

Hg)= 2 7, explimg). (48)

m=-%

On inserting from Eq. (48) into Eq. (46) we obtain at once

CAe)= D) |7l explime). (49)

m=—%

For synthesizing an arbitrary mutual intensity we
could proceed as follows. Expand J, in a Fourier series.
This will furnish the |7,,|2. The square roots of these terms
give a set of Fourier coefficients that specify a transpar-
ency whose autocorrelation gives the required mutual in-
tensity [31]. Let us apply such a procedure to some of the
examples presented in Section 3. In the case of the Airy
function, Eq. (17), we can take as 7, just the square roots
of the coefficients v,,, with zero phases. This gives, apart
from proportionality factors, 7,,= (y@)'m‘, so that the angu-
lar dependence of the transparency 7 can be chosen itself
as an Airy function, but with parameter given by \s"a.

The same arguments hold for the fourth example in
Section 3, namely, the function diry. In fact, by virtue of
Eq. (21), the coefficients 7y,, equal 1/(2N+1) for any |m|
<N and vanish otherwise. Therefore, coefficients 7,, can
also be chosen as equal to one another for |m|<N and
vanishing for |m|> N, so that the form of the function {¢)
turns out to be the same as that of its autocorrelation, i.e.,
diry(¢). Note, instead, that the autocorrelation of dir?v is
no longer a diry, function, as can be seen from Eq. (23). In
the case of a mutual intensity proportional to a J3 func-
tion [Eq. (25)], taking the square root of the Fourier coef-
ficients corresponds to doubling the pertinent p param-
eter, but the shape of the transmission function keeps the
same analytical form.
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6. CONCLUSIONS

Diffraction-free and Jy-correlated fields were introduced
more than twenty years ago. Yet the interest in their
properties and applications is far from subsiding.
Diffraction-free and J(-correlated fields epitomize the
type of radiation emitted by a thin annular source under
coherent and incoherent illumination, respectively. In the
present paper, we showed that these fields constitute lim-
iting cases of a more general class of annular sources with
partial correlation. Under the hypothesis of angularly
shift-invariant correlation functions, we have seen that,
for any such source, the modal expansion is easily deter-
mined, thus adding a whole new class to the relatively
small set of sources for which the modal analysis can be
performed in closed-form terms. This, in turn, allows us to
study in a simple and unified manner the correlation
properties of the fields propagating away from such
sources. A wise choice of the form of the mutual intensity
along the annulus allows us to favor certain modes with
respect to the others, thus influencing the structure of the
field propagated away from the source. We have also seen
that feasible experimental synthesis schemes exist, thus
enabling laboratory checks of theoretical predictions. In
the present paper, we limited ourselves to a scalar treat-
ment. The extension to the electromagnetic case, which
will be discussed in a subsequent paper, will reveal fur-
ther features of partially correlated thin annular sources.
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