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Ababact. A simple and compact digital speckle pattem interferometer is proposed to 
measure the isothermal diffusion coefficient in transparent mixtures. The diffusion constant 
is determined directly from the skeletonized video correlogrm. An example of diffusion co- 
efficient measurement ofa binary liquid mixture demonstrates the usefulness of the method 

1. Introduction 

The study of diffusion in liquid binary systems by means of optical methods, based on 
measurements of refractive index variation, is well known and in evolution. In recent 
years holographic methods [14] have replaced the traditional interferometers with 
considerable advantages, but today the number of routine holographic measures is very 
small: the time delay between exposure and reconstruction and the stability require- 
ments have prevented large use outside the laboratory. In an effort to improve the 
experimental simplicity and accuracy, and to provide better treatment of the infor- 
mation, a digital speckle pattern interferometer (DSPI) can represent an interesting 
alternative to holographic methods. The combination of the image speckle pattern with 
a reference wavefront to produce a phase referenced speckle pattem can be used in the 
same way as a hologram. As in ordinary hologram interferometry, the image is interfero- 
metrically sensitive to refraction index changes of the mixture. A CCD camera records 
the image hologram, transforming its spatial content into an equivalent video signal, 
which is fed into a digital processing unit. The digitization of the electronic hologram 
opens up a great variety of signal manipulations and eventually provides full automatiza- 
tion of the system. The mathematical interpretation of DSPI fringes is similar to that of 
ordinary holographic interferometry, but from an operational point of view the method 
is faster, simpler to use, and suitable for in situ routine measurements. 

2. Fibre optics interferometer sensor and procedure 

A detailed description of DSPI can be found in the literature C5-71. In short, we report 
the basic principle of a DSPI system by using holographic analogy. Since the opto- 
mechanical construction is very similar to conventional hologram interferometry set-ups, 
we can consider DSPI as a form of image holography with an in-line reference beam, 
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Figure 1. Experimental set-up. 

where a highly sensitive CCD camera has replaced the plate as a recording medium, 
while the reconstruction is done by electronic processing. The basic system (figure 1) 
consists of a continuous wave HeNe laser to provide a cheap and rugged light source, 
a CCD camera, an  imaging lens, a monitor and a personal computer with an image 
processing hoard. The use of monomode fibres makes the system more versatile and 
insensitive to spurious phase variations during the measurements. In  our device a con- 
ventional beamsplitter is replaced with a 50:50 directional coupler, which splits the light 
beam from the laser source into equal signal and reference beams. The light diffused 
by the transparent medium is collected by an imaging lens and focused onto the photo- 
sensor of the camera. The viewing system is arranged so that the f number of the imaging 
lens is set to give fully resolved speckles. The light diffused by the transparent medium 
is coupled to the reference beam through a beamsplitter cube placed between the photo- 
sensor and the imaging lens. The CCD camera records the pattem resulting from the 
cross interference between the object and reference beam. The light intensity of the 
image interferogram is converted into a corresponding video signal and sampled to 
yield a digital picture, which can be stored in a digital frame memory. A speckle 
interferogram is generated arithmetically by using two digitized speckle patterns. Speckle 
patterns from the first and the subsequent frames are subtracted and correlation live 
fringes are displayed. The image of the cell, displayed by the TV monitor, is covered 
with interference fringes, which represent the phase variation between the subtracted 
frames due to refraction index variation. 

3. DSPI theory for a transparent medium 

Let Uo(r) represent the complex amplitude of the object beam illuminating the cell 
at a point P(r) in the sensitive area of the CCD and U,(r) the complex amplitude of 
the reference beam at the same point. Also let $o(r), &(r) be the phase angles and 
Ao(r), A&) he the real amplitudes associated with each beam: 

uo(r) = A&) ex~Ci$~(r ) l  and W )  = A d d  expCi$dr)l 
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Figun 1 Geometry of the illumination. 

where &(r) and $o(r) vary randomly over the image, and .4,(r) and &(r) may or may 
not vary randomly depending on the form of the reference beam. 

The intensity at the point P(r), at time tlr will be given by 

I(r. t l )  = IuD(r)12 + luR(r)t2 + uX(r)uR(r) + uD(r)uXr) 

= ID@) + I&) + 2 C 1 ~ ( r ) ~ ~ ( r ) l ~ / ~  COS($O - 4 R )  (1) 

where the asterisk denotes the complex conjugate. 
At time t2 we have 

r(r, t2) = I&) + I&) + 2C1~(r)r~(r)l~/~ cos(& - 4d (2) 

where Qb is the new phase angle of the object beam caused by the refraction index 
variation . 

The intensity of the subtracted fringe pattern is given by 

Now let 
I(r, t d  - k t J  = 2~rD(r)rR(r)l"2cc0s(~D - 4,) - cos(& - 4R)I. (3) 

40 - '$I = 4 and fD = ~5~ + 6 9 .  

At9 is related to the index variation by the relation 

At9 = - klAn 

where k is the wavenumber, I the thickness of the cell and An the refractive index 
variation. If, before the second exposure, the beam illuminating the cell is rotated by a 
small angle Aa about the x axis (see figure 2), the phase of the wave is changed by a 
factor eikYk [l]. As a consequence a system of carrier fringes, parallel to the x axis, is 
intentionally introduced into the interferogram and we have 

AB = kyAa - klAn. 

The intensity of the correlogram may be written 

I(r, t l )  - I(r, t z )  = 2[Io(r)IR(r)]'/2Ccos 4 - cos(Q, + kyAa - klAn)]. (4) 
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Through trigonometric relations we obtain 

Ilk, t d  - I(r, tdl = 4Vo(~)IR(r)I”z 
x {sinz[& + $(kyAa - klAn)] sin2[&kyAi - klAn)]}”’. ( 5 )  

On averaging the intensity over many speckles we may assume that the following 
relations hold 

(cos 24) = <sin 2 4 )  = 0 

where the angular brackets denote the average operation. Accordingly, equation (5) 
becomes 

The fringes superimposed on the cell image are described by the relation 

/I(r, tl) - I(r, t2)1 = 2[Io(r)IR(r)]112[l - cos(kyAa - klAn)]1J2. (6) 

kyAa - klAn = constant 

y = - An(x,t , ,  t z )  + constant. 

or 

(7) 
1 

Aff  

The variation of the refractive index is assumed to occur only along the x direction 
(one-dimensional diffusion). In the diffusion cell the refractive index can be treated as 
a linear function of the concentration, say c(x, t), especially when the composition 
gradients are small. To a first approximation, we can write [9] 

dn 
dc 

n(x, t )  = - c(x, t )  + no. 

We considered a free diffusion process with D independent of concentration. It is ruled 
by Fick‘s second law, which can be expressed, for one-dimensional diffusion, as 

The solution of equation (9) for two liquids initially separated at x = 0 with concen- 
trations c1 and c1 is [8] 

In the interferometer two concentration distributions (recorded at times t l  and t’) are 
compared. Using equations~(8) and (lo), we can write equation (7) in the form 

The shape of this curve shows change in the index of refraction between two exposure 
times, t 2  and t,. This shape has two characteristic extremes. Their positions, say x, and 
x,, may be found from the condition 

ay 
ax - = o .  
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Using equations (11) and (12), we can write 

Therefore 
~xPI-(x/&)*I - - exp[-(x/&Y~ 

4% 
Taking the logarithms of the left- and right-hand sides of equation (14) we obtain 

Hence we have 

In this way we obtain the separation of the extremes on the x axis: 

Hence, the diffusion coefficient is given by 

Measurements of D may be made automatically from the interferogram. A computer 
may be used to perform both correlation of the stored speckle patterns and diffusion 
measurements from the resulting correlogram (often called ‘interferogram’). For highly 
accurate work, however, it cannot be assumed that the diffusion coefficient is inde- 
pendent of concentration or that the refractive index of the mixture is a linear function 
of composition [lo]. A small correction must be effected. 

4. Processing 

An algorithm has been applied to the speckled fringe pattern, as obtained with the DSPI 
system, in order to extract quantitative information. The fringes are manipulated for 
reduction of the noise that is inherent to the speckled fringes, thus approaching holo- 
graphic quality displays. The high frequency noise related to the speckles is eliminated 
by a spatial filter in  the Fourier plane. This preprocessing facilitates the computer 
interferometric analysis of such fringe patterns. In order to determine the points where 
the phase is a multiple of II we have selected the method of fringe extremes. The details 
and the performance of the algorithm are reported in the literature [ l l ,  121. Locating 
the image so that the carrier fringes are vertical and considering the y axis parallel to 
the horizontal rows of our image, for each row xi we can calculate the the values yi, 
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I 
Figure 3. Graphic reconstruction of the refractive index variation curve. 

for which 

All the y j  represent the central points of the clear and dark fringes. In order to avoid 
false extremes due to noise, some smoothing operations are necessary. The maximum 
number of smoothing routines is selected automatically, so that every line x i  must have 
the same number of maxima and minima *2 with respect to x i - , ,  and the spatial 
frequency must not vary abruptly. In this way. the interferometric information is 
transferred to thinned skeletonized fringes. Now the diffusion coefficient can be 
evaluated by measuring w (see equation (17)), with the following procedures. From each 
single skeletonized fringe the points where the first derivative is zero are selected 
(running through the curve from bottom to top). These values correspond to x b  with 
reference to figure 3. The same procedure is camed out for x, (moving along the curve 
from top to bottom). These procedures are repeated for all skeletonized fringes. 

For each curve we can obtain the corresponding values of y .  and yb .  
An alternative evaluation method can be used. The data related to each skeletonized 

curve (x, y )  represent the change of refraction index. Since there is a linear relation 
between Ac and An, the index refraction variation An can be expressed as 

The constant K ,  assures the proportionality between the variation of concentration and 
the refractive index change. Furthermore, for each curve K ,  is the asymptotic value of 
y as given by equation (1 1). 

It is possible to perform a fitting procedure between the experimental data pertaining 
to each skeletonized curve and equation (20). By this fitting we can find the parameter D. 

The fitting routine uses the method of least squares for non-linear functions (x'). 
This method is based on the determination of the parameters that characterize the 
function by minimizing simultaneously [13,14] the value of ,y2 with respect to each 
parameter. To apply correctly the fitting procedure it is useful to identify the desired 
range of the parameters (D, K ,  e K2). We note that a first estimate of D is known from 
w by equation (18). Furthermore, K ,  can be determined with the ratio of equation (20) 
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calculated at the points x, and x,, and the difference of the experimental values ya and yb: 

Y o  - Y b  Yo - Y b  

Finally, by evaluating equation (15) at the point x,, where An is y. we derive K,: 

xa/&i2 

K* = -K, (s,":"" e-v' dq -Io e d  dq) + y.. (22) 

The fitting between equation (20) and the experimental data is obtained with both curves 
of extreme values, namely maxima and minima of light intensity. Finally, we obtain a 
value of D for each skeletonized fringe. It is sometimes suggested that automatic 
fringe-centre determination is difficult in speckle-pattern interferometry. However, we 
found that the skeleton algorithm worked quite well if careful preprocessing had been 
applied to the correlogsams. 

The magnitude of the errors in the measurement depends on which evaluation 
method is used. Generally, for the first method the estimated uncertainty is 4%, with 
a typical accuracy of +4 pixels on w determination, while with the fitting procedure 
the error (%1%) can be evaluated as reported in [13,14]. 

5. Results 

At first some measurements of the LiBr (0.1 M) system at 25°C were carried out to 
confirm the reliability of the technique described above. We used a HeNe laser (15 mW) 
as a light source. The viewing system was simply composed of an imaging lens, an iris 
aperture and a CCD camera. The diameter of the aperture was so controlled that the 
averaging speckle size was set to be approximately equal to a pixel of the CCD camera. 
The speckle patterns were digitized by a frame grabber (OCULUS 300) on a 286 based 
IBM PC and displayed on a TV monitor. Figure 4 shows the original DSPI fringe pattern 
with carrier fringes. Figure 5 shows the interferogram after filtering and contrast en- 
hancement procedures [lS]. 

In figure 6 skeletonized fringes are reported for the automatic measurement of D. 
The diffusion coefficient was calculated separately for each skeletonized fringe. The 
average value was D = (1.27 f 0.01) x lo5 cmz s-'. This compares favourably with the 
handbook value of 1.279 x lo5 cm2 sS1 [9]. 

The described method was used to investigate the diffusion of LiBr in the range 
0.05 + 2 M. The upper limit of the technique is determined by the non-linearity between 
the refractive index variation and the concentration, while the lower limit is given by 
the condition that at least a few fringes are to be present, say three fringes. This entails 
An > 3L121. 

6. Conclusions 

The aim of the technique presented in this paper is to overcome some drawbacks 
suffered by already existing holographic methods for diffusion measurements. A specific 
DSPI system with optical fibres for out-of-plane measurements has been proposed for 
generating correlation fringes. The reliability of the technique has been tested on a 
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Figure 4. Origind DSPI correlation fringcs with the charactcribtic shapc. 

FiEure 5. Tiic simc c,mrlngrnm (ill l i p c c  4) aftcr l i l t c i i n ~  ;~nd  c iml r :~s l  unhancemeni.. 
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I,igiire 6. S k c l c l m u c d  Trinscs. 

conventional mixture of LiBr. Starting from a skeletonized fringe pattern an automatic 
measurement of the diffusion coefficient has been obtained. The time spent in performing 
the whole fringe analysis, i.e. from data acquisition to fitting operation was about IO min 
for a picture of 512 x 512 pixels. This time interval could be reduced by a factor of 
about 40 by using a 486 based PC. From an operational point of view the method is 
simple and accurate. The instrument itself is compact and battery powered for full 
freedom of transportation and use, indoors as well as outdoors. The principal advantages 
of the method, aside from the simplicity of the optics, are daylight operation, no need 
for stability, elimination of photographic processing and short time of elaboration. 
Refinements and modifications of the technique aim to obtain further simplification 
of the equipment, as well as improvements in the unwrapping of the speckled fringe 
images. 
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