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Abstract, The Gupta method leads to the determination of the optical constants of an
absorhing material through two measurements of reflectivity. In this paper, the effect of
experimental errors on both the accuracy of the determination and the conditions for the
achievement of unambiguous resulis is studied.

1. Introduction

The determination of the optical constants of a material is of fundamental importance
in a large variety of applications. In the commonly used experimental set-ups, a sample
of the material under study is made to interact with a radiation beam and the unknown
optical constants are deduced through the measurement of some characteristics of the
transmitted and/or reflected beam [1-9].

In the case of strongly absorbing mateial, reflection measurements are obviously
preferable and many methods have been envisaged in order to determine the optical
constants through simple measurements of the reflectivity of the material [10-19].
Among these methods, that proposed by Gupta in 1988 is of particular interest for its
simplicity [20]. From an experimental point of view, the Gupta method requires only
the measurement of the reflectivity of the material in the presence and absence of a
transparent overcoat film. However, as a common drawback in this kind of problem,
the analytic determination of the optical constants starting from the measured reflectivi-
ties can lead to multiple solutions and the unknown optical constants can be
unambiguously determined only if the wrong solutions are somehow recognizable. It
has been demonstrated that, for a suitable range of the optical thickness of the overcoat
film, the determination of the unknown optical constants is mathematically un-
ambiguous and the limiting values of such a “useful interval’ of thicknesses have been
found analytically [21].

In [21], the analytic treatment of the Gupta method and the subsequent evaluation
of the conditions for an unambiguous determination of the optical constants are
accomplished without taking into account the measurement errors. Errors in the
measured reflectivities influence the application of the Gupta method in two ways. First,
of course, they determine the uncertainties in the estimated values of the optical
constants. Second, they can affect the ambiguity problem. A solution that is un-
ambiguous in the absence of errors could become ambiguous if the errors exceed certain
values. In this paper, we extend the analysis of [21] to determine quantitatively the effects
of the measurement errors. In section 2, we briefly recall the mathematical basis of the
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Gupta method showing the existence of a ‘useful interval’ for an unambiguous
determination of the optical constants. In section 3, we estimate the accuracy which is
achievable in the Gupta method and its dependence on the experimental conditions. In
section 4, the ambiguity problem is studied by taking into account the experimental
accuracy and a ‘practical useful interval’ is determined inside the theoretical one. Finally,
in section 5, the results obtained are briefly discussed and some conclusions are drawn.

2. The mathematical basis of the method
Let us denote by # and k the unknown optical constants of the material under study

and by »n, = n — ik its complex refractive index. The normal incidence air-material
reflectivity is given by [22]

(1)

where the refractive index of the air has been assumed equal to one and the material
has been supposed sufficiently thick to completely absorb the wave reflected from the
second interface.

In addition to R, a second measurement is needed in order to determine the two
unknown quantities #» and k. In the Gupta method, the material is coated with a
homogeneous plane-paraliel non-absorbing film of known real refractive index n, and
thickness d and the new reflectivity, say R,, is measured. We have [21]

1—nzf?
R,y= |- 2
R nyz* @
where
2 . (1 — n%) sin

zZ= e — ] .
1 +n2+({1=ndcos(y) ny[1+n%+ (1 —ad)cos(y)]
the asterisk denotes complex conjugate and
y = dmn,d/A. e

In equation (4), A is the wavelength of the radiation used.

Making use of the two equations (1} and (2), the unknown quantities » and & can
be calculated starting from the measured reflectivities R, and R, for a given y value.
The solution of this inverse problem has been discussed in [21]. For later convenience,
we reproduce the essential steps in appendix 1.

As it has been shown in [21], in the general case two pairs of solutions are obtained
which we will denote by the superscripts [ and II, ie.

nL k' (first solution) (3)
and
al kY (second solution). (6)

By inserting back into equation (1) and (2) the solutions given by equations (5) and
(6), we obtain the corresponding values of the reflectivities, say R}, R} and RY, RY,



The Gupta method of optical constant determination 327

respectively. These results have to be compared with the measured reflectivities R, R,
so that the case of a wrong solution for the optical constants can be recognized.
It can be shown that the following relationship is always true

R, ~Ri=R, )

while the corresponding relationship for R, is true only outside a certain interval. Such
an interval can be called a ‘useful interval’, because inside it one of the two solutions
does not reproduce the right refiectivity R, and it can then be rejected as a spurious
solution. As a consequence, for y inside the ‘useful interval’, the optical constants n, k
can be unambiguously determined through the Gupta method. Furthermore, in [211,
the extreme points {denoted by y; and y,) of the ‘useful interval’ have been explicitly
evaluated in the general case and their numerical values for the practical case originally
considered by Gupta [20] have also been calculated.

[21] aimed at studying the mathematical ambiguity connected with the optical
constant determination in the ideal limit case of absence of measurement errors. When
these are taken into account, the optical constant determination is affected by a certain
degree of uncertainty and this influences the width of the ‘useful interval’. In the next
section, we will evaluate the accuracy with which the optical constants can be caleulated
starting from given errors in the reflectivity measurements. Correspondingly, we will be
able to determine the effective width of the ‘useful interval’ in any practical situation.

3. The accuracy of the method

In this section, we evaiuate the uncertainties in the calculated optical constants due to
the measurement errors in the reflectivities.

Let us indicate by R, and R,,, the measured values of the reflectivities R, and R,,
respectively, and by AR, and AR, the corresponding measurement errors. Starting
from some reflectivity values R, and R,, included inside the intervals (R,, — AR,
R+ AR)) and (R, — AR,;, R, + AR,), respectively, the corresponding optical
constants »' and &' (or " and &™) can be caiculated through the well known formulae
of error propagation

L LI
L o _ (6 on
bt = —

Ry —Ry)+ | — R,-R 8
5R1)x1=mm( 1 1m) (aRZ)RFRM( 2= Ra) (8)

1,0 11
R = (9-'1—) (R, = Ry) + (i"-—) (Rs — Rom) ©)
a‘Rl Ri=Rim aRl Ra=Roam

where nt, and k' (or n!! and k%) are the optical constant values corresponding to the
measured reflectivities R, and R,,. In equations (8) and (9), the superscripts 1 or II
must be assumed simultaneously and the explicit expressions of the partial derivatives
at the right-hand sides of equations (3) and (%) are given in appendix 2 (equations
(A2.10)-(A2.13)).

It can be easily seen [23] that »' and k' (or n" and £") vary in the plane n!, &' (or
', k) inside a parallelogram, centered on the point nl, kb (or nl, k1), whose corners

have the following n coordinates

1,11 Ll
bl 4+ li(-?f-——> AR, + (a_r.i__) AR2j| {10)
aRl R1=R:m 6\122 Rz=Ram
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™ /a0 )
ol -+ (3" ) (—AR1)+(an ) AR;] (1)
L aRi Ri=Rim aRz Rz=Ram
. r anl.n) A (anl,“) ]
. _AR i —AR 12
By, +_(5R1 m=mm( )+ R, R;=R1m( 2) (12)
WA i, 3
Akl 4 (an ) ARy +(6n ) (—ARz):] (13)
L\ORy /gy =Rsm OR3/Ry=Rom
and the following corresponding k coordinates
1,11 W
A li(%__) AR, + (EI_CI._) ARZ} (14
E?Rl RB1=Rim OR> R2=Rim
7 a0,0 L1l
e+ (5" ) (—AR1)+(%—) Aﬂz} 15)
B 5R1 Ri=Rim aRZ R2=Rzm
- i Lii
L (akl ) (—ARI)-!-(-(?k—) (—ARQ:] (16)
L\NER /Ry =Ry OR3 / ra=Rom
B 1,10 B
ket + (ak ) .euzm(aki ) (—ﬂRz)jI- (17)
L aRl Bi1=Rim aRZ Rz=Rzm

In equations (10)—(17), the superscripts 1 or 11 must be assumed simultaneously.

By making use of these error parallelograms, the accuracy patterns shown in figures
1 to 3 can be constructed. In all the figures, the numerical values of Gupta’s original
example are used. Although the degree of accuracy represented by a given parallelogram
is somewhat arbitrary [23], it is evident from the figures that the accuracy decreases
when the measurement errors increase {(figure 1{a)} and that, for a given reflectivity
error, less accurate parallelograms arise from 9 values near the border of the *useful
interval’ (figure 1(b)). Furthermore, it can be noted from figures 2 and 3 that, when y
approaches z, the two solutions given by equations (5) and (6) tend to coincide and the
corresponding parallelograms partially overlap. As a consequence, a y interval exists
inside which the propagation of the measurement errors makes the two solutions for
the optical constants indistinguishable, Figures 2 and 3 refer to different per cent errors
in R, and R,: these amount to 2% in figure 2 and to 4% in figure 3. The comparison
between the two figures shows that the ‘indistinguishableness interval’ enlarges in
correspondence to greater per cent errors in the measured reflectivities.

In the next section, we will consider the effects of the measurement errors on the
ambiguity problem.

4, The ambiguity problem

Starting from the pairs of solutions #', &' and s, 4", we can trace back to the
corresponding reflectivities R}, R, and RY, RY, As already mentioned in section 2, in the
absence of measurement errors, a ‘useful interval’ of y values exists for which
R, = RY £ R}, or R, = R}, # RY, so that the true optical constants can be unambiguously
determiped. In [21], the extreme values y; and v, of this interval have been anaiytically



The Gupta method of optical constant determination 329

0.46
0449 N
0.42 RN N

.40

0.44

0.42

0.40

0.38 +—/+—7"—r—F—"7—"rT—T—"—"—"T+r—rT T

1.66 1.58 1.6 1.82 1.64 1.66
n

Figure 1. (a) Error parallelograms centred on the right solution for the optical constants n
and k, in correspondence to several values of the per cent errors in the reflectivities R, and
R, (full line, AR,/R, = AR,/R; = 1%, broken line, AR /R, = AR,/R, = 2%, dotted line,
AR /Ry = AR,/R, = 4%). The phase shift y undergone by the reflected radiation for a round
trip through the coating material corresponds to the centre of the ‘useful interval’ (y = 4.6).
The true values of the optical constants are n = 161 and & = 0.42; the real refractive index
of the coating film is #, = 1.95. (b) Error parallelograms centred on the right solution for
the optical constants n and k, in correspondence to y values corresponding to the centre of
the ‘useful interval® (full line, y = 4.6) or to its borders (broken line, v = 2.7; dotted line,
¥ = 5.9). The per cent errors in the reflectivities R, and R, are AR,/R, = AR,/R, = 2%.
The true values of the optical constants are n = 1.61 and k = 0.42; the real refractive index
of the coating film is n, = 1.95.

calculated to hold

and

3 _of 2nk(P + R) )
7 =2tan ((1 + nd)(M + R) a8

_2aMP=R) ) +2n (19)

=2tan™!
2= ol ((1+n%xM—R)
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Figure 2. Error parallelograms centred on the right (full line} and wrong (broken line)
solutions for the optical constants n and k, in correspondence to {a) y =3.09 and
(bY y = 3.15. The true values of the optical constants are n = 1.61 and k = 0.42; the real
refractive index of the coating film is n, = 1.95. The percent errors in the reflectivities R,
and R, amount to 2%4.

where
P=1+k*+n? (20)
M=1+k -n* 21)
R =[(1 + k® + n?)® — 4n?]*2, (22)

In the presence of the measurement errors AR, and AR,, the optical constants can
be calculated with the uncertainties determined by the error parallelograms constructed
in the preceding section.

As a consequence, also the quantities R}, and RY are affected by some uncertainties,
say AR) and AR}, respectively. These uncertainties can be easily evaluated as

ORLY gl gRLU 3k"ﬂl ARLE aptht AR akl.nl
ARLY = |94 + %2 AR, + =2 +—2 R 23
> “[anToR, T AOR,|” ' [an'UoR, ~ OKMVGR,| =
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Figure 3. Error parallelograms centred on the nght (full line) and wrong (broken line)
solutions for the optical constants x and &, in correspondence to (2) = 3.03 and () y = 3.24.
The true values of the optical constants are n = 1.61 and k = 0.42; the real refractive index
of the coating film is n, = 1.95. The per cent errors in the reflectivites R, and R, amount

to 4%,

BRYY  4AXZP[(nY)? — (kM1)?] — 4XT1 + 2 YK
Rt - {1 + Zz[(nl.u)z + (kl,ll)z:l + 2X W g 2Ykl.ﬂ}2
aR" 8Xn"WZ21 + ¥)

P YN - {1 + Zz[(nr,n)z + (kx,u);z] + 22Xt 4 2Yk1'“}2'

(24

(25)

In equations (23)-(25), the superscripts I and I must be assumed simultaneously.
The uncertainties AR}, and ARY reduce the effective width of the ‘useful interval’
for an unambiguous optical constant determination. This is shown pictorially in figure
4, with reference to the same practical exampie originally considered by Gupta [20]
and then studied in [21]. In this figure, the reflectivity calculated starting from the wrong
solution (that is R} for 2.6 <y <m and R} for m <y < 5.9) is compared with the
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0.5

(a)

Figure 4. Comparison between the reflectivity calculated starting from the wrong solution
(that is R} for 26 <y <= and RY for 7 <7y < 5.9) together with its uncertainty and the
measured reflectivity together with its uncertainty. The true values of the optical coastants
are n = 1.61 and k = 0.42: the real refractive index of the coating film is n, = 1.95. All the
reflectivities are drawn as a function of the phase shift 7 undergone by the reflected radiation
in correspondence to a round trip through the coating material. The per cent errors in the
reflectivities R, and R, are assumed cqual to (@) 2% and (b) 4%, As a consequence
of the measurement errors, the ‘useful interval® narrows down to (g) 2.66 <y < 5.87 and
(b) 2.71 < y < 5.83, while the ‘indistinguishableness interval’ enlarges up to (¢) 3.09 < 7 <
3.19 and (b) 3.03 <y < 3.24,

measured reflectivity R,. Both the reflectivities are drawn together with the uncertainty
arising from the measurement errors. These amount to AR{/R; = AR,/R, = 2% in
figure 4(a) and to AR,/R, = AR,/R, = 4% in figure 4(b). Due to the measurement
errors, the wrong solution can be recognized and then rejected for an interval of y values
whose width decreases when AR /R, and AR,/R, increase. This means that the ‘useful
interval’ of y values allowing an unambiguous determination of the optical constants
gets narrower when the measurement errors increase. At the same time, the reflectivities
are also indistinguishable for a y interval around =, whose amplitude increases with the
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measurement errors. This effect is connected with the superposition of the error
parallelograms pointed out in figures 2 and 3.

In the general case, the maximum displacement (towards the right) Ay, of the Jeft
limit y, of the ‘useful interval’ and the maximum displacement (towards the left) Ay,
of the right limit y, of the same interval can be analytically evaluated to hold, respectively

& d
Ay, = 'a% An 4 [ AR (26)
0 2
Ay, = % Art - % AR @7 -
where
= Bk + )
y n“(j\f“ + pn + ZR[[) + (nIIPI!/Ril)(Ml! _ P") + (ZRII/R“)(PH . M“) (23)
4!‘1%(1{“)2(1311 + Ru)z + (1 + n%)Z(MH + Rll)z
a.},l M]l + R[l + [Z(k")z,n"R"](M“ _ Pll)
L = 4n,(1 4+ n2)(PY + RV 29
ak[[ T‘!z( + nZ)( + )41‘!%(16")2(1’“ + RII):’. +(1 + n%)Z(MH + RII)Z ( )
% _ Sn kl(l N RZ) n](M! + PI _ ZRI) + (ﬂ!Pl/RI)(Pl _ Ml) + (2nl/'Rl)(Ml _ P[)
ot : 4n3(kY*(P' — Ry + (1 + nd)*(M" — R '
(30)
8y, M'— R + [2(K')*/R')(P' — MY
—= = 4ny(l P - R . 31
o = Rl A = R P T RY £ (1 + PO = R Y

In equations (28)-(31), P', M, R" and P*, M", R" are the expressions in equations (20),
(21) and (22) calculated in correspondence to the solutions given by equations (5) and
{6), respectively.

5. Coocluding remarks

In this paper, the accuracy of the method originally proposed by Gupta for the
determination of the optical constants of an absorbing material has been studied. The
method is based on two measurements of the reflectivity of the material in the presence
and absence of a transparent overcoat film. The unknown optical constants can be
unambiguously determined provided that the optical thickness of the overcoat film is
within a *useful interval’ of thicknesses. In the preceding sections, the experimental
errors in the measured reflectivities have been demonstrated to influence both the
accuracy with which the optical constants are determined and the amplitude of the
‘useful interval’ of thicknesses allowing the achievement of unambiguous results. In
particular, the accuracy of the optical constant determination has been evaluated
analytically through the propagation of the measurement errors and represented
graphically through the construction of error parallelograms. The results show a
decrease in the accuracy when the experimental errors increase and specify the optical
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thicknesses of the overcoat film in correspondence to which larger accuracies are
obtained for given reflectivity errors. Furthermore, an optical thickness interval is also
determined in correspondence to which the error parallelograms overlap and the two
solutions obtained for the optical constants are indistinguishable. As expected, the
amplitude of this interval turns out to be an increasing function of the measurement
eITorS.

Finally, the limits of the *practical usefu] interval’, ie. the ‘useful interval® of
thicknesses allowing an unambiguous determination of the optical constants in the
presence of measurement errors, have been determined analytically. With reference to
the numerical example originally proposed by Gupta, the limits of the “practical useful
interval’ have also been determined through a graphical method. The results obtained
emphasize the narrowing of the ‘useful interval” when the experimental errors in the
measured reflectivities increase and the rise inside it of an ‘indistinguishableness
interval’, in correspondence to which the two solutions for the optical constants coincide
(within the Himits of the error uncertainty). The amplitude of this interval is shown to
be an increasing function of the measurement errors.

It should be noted that, in principle, every kind of experimental error influences the
accuracy with which the optical constants can be determined and then produces a
narrowing of the useful interval we discussed in this paper. For instance, instead of
referring, as we did, to the experimenial errors in the measured reflectivities, we could
refer to the uncertainty about the knowledge of the thickness and/or of the index of
refraction of the transparent overcoating layer. However it is evident that the ambiguity
problem is affected in the same way by any source of error so that the conclusions we
draw in this paper can be referred to any kind of experimental error.

Appendix 1

Let us introduce the following notations for the modulus and the argument of the
complex refractive index n, = n — ik

n, = N explig) N =(n? + )2 ¢ =tan"1(—k/m). (ALL)

Furthermore, let us indicate by X and ¥ the real and imaginary parts, respectively, of
the complex number z as defined by equation (3), Le. let us put

2

z=X —iY =
1 +nZ+(1—ndcosy
. (Al.2)
_ (1—n3)siny
ny[l + n% + (1 — 1) cos y]
and let us introduce the following notation for its modulus and argument
z = Z exp(—i#) z=(X*+ Y2 g =tan"}¥/X). (Al3)

By making use of equations (Al.l) and (Al3), equations (1) and (2) can be
alternatively writien as

1+ N?-2Ncos¢
1+ N%24+2Ncos¢

(A14)

1
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and

1+ N2Z2 —2NZcos(gp — @)

R, = 272
14+ N?Z% 4+ 2INZ cos(¢ + 6)

(A1.5)

respectively.

Starting from equations (Al.4} and (A1.5), the following equations are obtained for
the modulus, the real part and the imaginary part, respectively, of the unknown complex
refractive index n,

N2(h,Z? ~ by X) + (hy — b X) = —h, YIN2(4 — 2h}) — B2N* — W3]V,

(AL6)
2N cos¢ = hi(l + N% (ALT
IN sin ¢ = —[4N2 — B3(1 + N3], (A18)
where we put
hy =(1—-Ry/(1+ Ry (ALD)
hy = (1 — RAL + Ry). (A1.10)

By squaring both sides of equation (A1.8), the following equation of the second
degree for N? is obtained

aN* + 20N + ¢=0 (AL1D)
where

a=(h2Z% =X+ hhY? (Al.12)

b=y — h X¥WhZ? —h X) = (2 — h)RiY? (AL.13)

c=(h, — h,X)* + h3hiY2. (Al.14)

The two solutions of equation (A1.11) will be denoted by the superscripts I and 11
and the same will be done for the corresponding optical constants. From equation
{A1.11), we have

W3 = 1) ~b + (B° - ac)*?] (AL.15)

(NH = (1/a)[~b — (B? — ac)**]. (Al.16)
and from equations (A1.7) and (Al1.8), we have

(M =3k, (1 + (NFLT (AL17)
and

(R = AN 2T — L1+ (V2P (ALIB)

respectively. In equations (A1.17) and (A1.18), the superscripts I or 1I must be assumed
simultaneously.
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Appendix 2

In this appendix, we calculate the explicit expressions of some partial derivatives that

are utilized in the paper.

From equation (A1.9) and (A1.10), we obtain
dh; -2
_— = fori=12.
dR, (1 +RY ot

From equations (A1.12), (A1.13) and (A1.14), we obtain respectively

da dh
— =[—2X(h,Z% — b, X) + 2k B3Y?] 2
2R, [—2X(h, )+ 2 Y] — 3R,
da dh
— = [2Z%(h,Z% — b, X)) + 2hih, 1?2 ] 2
2R, [2Z%(h, 1 X} + 2hihy ]dRz
% ={X[2hX — h(1 + ZH] + 2h hzyz} dhl
aRl i
ob dh
— =[2,Z% — b X(1 + Z%) — 2h,(2 — R} Y] 2
iR, [2h, X1+ Z%) 2 1) ]dRz
dc dh
—=[—2X(h, ~ b, X) + 2h,h3Y?] 2
iR, L {(hy ~ b X} + 2hyh3Y7] aR,
O 2y = hoX) + 2030,y 2
oR, 2 2 Rz
From equations (A1.15) and (A1.16), we obtain respectively
a(Nz)u 2 2 172 ; 2 12
R {[—~ac + 2b% + 2b(b® — ac)**YBa/8R)) + [~ 2ab — 2a(b® — ac)*'*]
i
x (8b/2R)) — a*(8c/BR))}[2a*(b* — ac)!/*] 1
a(Nz)n 2 2 142 2 142
TR {{~ac + 2% + 2b(b* — ac)"*}Ba/dR;) + [ —2ab — 2a(b? — ac)'/?]
i
x (0b/3R}) + a*(2c/dR,)I[2a%(b* — ac)*/*] ™!
where j =1, 2.

Finally, from equations (A1.17) and (A1.18), we obtain respectively
anl.ll B ahl 1 + (Nz)l.ll . hl a(NZ)i,ll

2R, &R, 2 2 @R,
anl,ll _ hl a(NZ)l.ll
8R, 2 @R,

MR {2 — ML+ (NP IHEN)MYER,) — BulL + (N?)M)2 Bhy/0R,
5R1 2{4(N2)I.[I _ h.l'![l + (NZ)L]I]Z}UZ

{A2.1)

(A2.2)

(A2.3)

(A2.4)

(A2.5)

(A2.6)

(A2.7)

(A2.8)

(A29)

(A2.10)

(A2.11)

(A2.12)
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oL _{2- H2[E + (N[N 2)M/aR ]
3R, - J[HNDT — BA[1 + (NBT23e

337

(A2.13)

In equations from (A2.10)-A2.13), the superscripts I or II must be assumed

simultaneously.
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