Tetsuji Tokihiro

Irreducibility and co-primeness of terms in discrete equations with respect to initial
variables.

Abstract. We study the Laurent property, the irreducibility and co-primeness of discrete
integrable and non-integrable equations. First we study a discrete integrable equation related to the
Somos-4 sequence, and also a non-integrable equation as a comparison. We prove that the
conditions of irreducibility and co-primeness hold only in the integrable case. Then, we generalize
our previous results on the singularities of the discrete Korteweg-de Vries equation and the discrete
Toda lattice equation with several boundary conditions. We find that irreducibility and co-
primeness equally hold in these integrable discrete equations and conclude that they provide a
criterion of integrability for discrete nonlinear equations.
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Research Purposes

‘\

* Clarify initial value dependence of solutions to integrable
equations

We investigate solutions of initial value problems in terms of
Laurent property, irreducibility and co-primeness.

* Give a new discrete integrability criterion

In particular, we wish to define an analogue of singularity
confinement test (SCT)* for partial difference equations**.

* Grammaticos-Ramani-Papageorgiou (1991)
** Ramani-Grammaticos-Satsuma (1992)
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Today’s topic*

* We examine simple mappings related to SOMOS4 Me and a

QRT mapping.

v" Define the notion of irreducibility and co-primeness of solutions
associated with Laurent property.

v Irreducibility and co-primeness are conjectured to be a
mathematical reinterpretation of SCT.

* We investigate several examples of discrete soliton equations (dKdV
eq., dToda eq.) with several boundary conditions.

v" Show that irreducibility and co-primeness are naturally extended
and applied to partial difference equations as an integrability
criterion.

* We also show recent results on generalised Hietarinta-Viallet

equations [Hietarinta-Viallet 1998].

* M. Kanki, J. Mada, TT, J. Phys. A: Math. Theor. 47, 065201 .
M. Kanki, T. Mase, J. Mada, TT, J. Phys. A: Math. Theor. 46, 5204.
M. Kanki, J. Mada, TT, arXiv: 1412.1167
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Example : nonlinear mappings with a
parameter

‘

-

A mapping related to the QRT mappings [Quispel-Roberts-Thompson 1989].
For y=1,2, (#) is integrable, but not integrable for y=3.
It also passes the SCT iff y=1,2.

x +1
#):  xa=—t—  (r=123.)
xn—l(xn)

EX.) Y:Z: xo =u, xl =—1, _X,'2 :O, X3 =00, x4 :oo/Oxng.”?

SCT: xo=u, 5 =—1+8, x, == +0(6%), x;=—5+0(s7)),
u &
X, = =24 0(e2), x3=—-1-£+0(£), x,=u+0(e),
u

X, = —1;—2”+ O(¢), ...
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Initial value dependence (y=1)

‘\

P, tuP P,P. PP PP tP. P,
3 _ury 25x_36x_u47x_58

b
Xg=U, X| =1, Xg=—=, X3=—"—, X4 = s X - > - s - s
0 1 2 u 3 th 4 P2P3 5 6 tuP4P5 7 P5P6 8 P6P7

ubP,’

Pyo=1+t, Py=l+t+tu, P =1+2t+1>+tu, Py=1+2t+1>+2bu+3t"u+u+t"u’

Py =143t 4367+ +u+5tu+82u+ 5u +t'u+2t* + 46°u* +20u” + 120’

Py =143t 4307+ +u+ Ttu +136%u + 9u + 2t u + 3tu® + 116207 +1260% + 56%% + £u?
+3t%u° + 56007 + 20" + £

B =1+ 4t +61> + 46 + 1% + 2u+11tu + 23t%u + 2362u + 116 u + 26%u +u* +11tu” +316%u°
+380°u” + 23t + 700 + 1% + 30 +166°u° + 2400 +141%° + 300 +3¢°u*
+70u* + 3t + P’
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Initial value dependence (y=2)

‘\

O _wQy 0, o = 00

_ Q0,0 Y = 050, N _uQOg

2 7T 227787
Os tu”Qy

Xo=U, X{ =1, Xy ===, X3

5
5= » X6 =
24 02 2

,.X'4 2
uQs 10,
O, =1+, Oy =1+t +1%u, Oy =1+2t+1* +tu+t*u+tu’
Qs =143t 432 + 17 +u+3tu+3t%u + Cu+2t%u* +30u” +t*u” +1*u’
Qs =1+41+ 617 +47 +1* +u+ 3t +6t%u +70u + 3t u + 3% + 6°u” + 5t*u” + 2070
+3th7 + 300 +1%u?
_ 2 3. g4, 5 2 3 4 5. 1.2 2
O, =1+5t+10t" +10¢7 +5¢7 + ¢~ +2u +11tu +24t"u +26t"u + 14t u +3t"u +u” + 6tu
4o 9%t 13070t + 4% + 3000 + £Fu®
_ 2 3 4, 65,6 2 3 4 5 6
Qg =1+61+15¢t"+20t +15¢" +6¢” +1° +3u +18tu + 45t "u + 60t u + 45t u +18t"u +3t"u

+3u? ++40u8 +568%7 +66%u + %8
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Initial value dependence (y=3)

\

R, ru’R, RSR, CPWRPR, RPRR

Xo=U, X{ =1, X0 =——, X7 = Xq = Xz = X6 = T 70 o 3y ceeee-
0 > M > V2 > V3 > V4 > V5 6 5

Ry=1+t, Ry=1+t+1u, R, =1+3t+3t> +1 +'u® +t% + 1%’

Ry =1+81+282 +561° +70t" +56¢° +28¢° +8¢7 + 1%+ £°u? + 615 +15t"u” +20¢%u” +15°u*

02 4 " +68%%° +500° +107%° 410603 + 5420 + 6302 +£%0° +36%0° +38%°

15,6 16 6 17 6 18 7+3t19u7+t u

+ 6t

+150° + 36508 + 611 + 367 + 3¢

Rg =1+21¢+210¢> +1330¢° +5985¢* + 203492 +54264¢° +116280¢” +203490¢° +293930¢
+352716¢"° +3527161'1 +293930¢'2 +203490¢" +---(216terms)---

+28t51 19+8t52 20+8t53u20+t55u21
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Observation - Proposition

‘

-

: PpPp_
* The terms x, is expressedas x, = t“ubﬁ fory =1, and
n—-1Fn-2

Lnln=2 ¢ory =2, wherea, b € Z and polynomials, P, (1),

(Qn-1)?
Q,(tu) areirreducible and co-prime.

* Fory = 3, x, consists of all the polynomials R, (1<k <n): Xp =
taub Rn(Rn—z)lz (Rn—4-)l4'(Rn—6)l6"'
(Rn-1)"1(Rp-3)3(Rp—5)'5 (Rp—7) 17+
inx; (j <n).

x, = t%ub

, and hence x,, contains all factors

¥¢ Proposition 1 [Kanki-Mada-Mase-T 2014, Kanki 2014]
The above observation s true.
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Relation to SCT

\

* Singularities (0 or o) will not propagate fory = 1,2.
+) If there exists an infinite sequence, xy = Xy4;, = Xg4, = =+ = o (for

y = 2), that implies that Qx_; = Q41,1 = Qk+1,-1 = - = 0.
But there is no common zero* for all these distinct irreducible
polynomials

* Singularities propagate fory = 3.
".)xk = 00 > Rk_l = 0 =>xk+2 = xk+4 — xk+6 — ... — 00O

Observation: SCT is strongly related to the irreducibility and
co-primeness.

* Precisely speaking, no 1D manifold on which @; = Q; = 0 (i # j).

T. Tokihiro, Theree days Painleve2014, Rome Tre Univ., Italy 9 2014/12/20



\

= Co-primeness of the terms as functions of initial
values can be used as a new integrability criterion.

* This new criterion is a mathematical reinterpretation
of SCT.

Hereafter we give the precise definition of the notions, irreducibility,
co-primeness etc., and show results on discrete soliton equations
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definition1

\

The Laurent polynomial ring, K = Z[a*, b%,--+] , is a set of
polynomials of a®!, b*1,--- with coefficientsin Z. And a unit in

K is a reversible element of K.

*

2
2 p3+c341 A +b+2
fat+b e+l e Soee

a a?-1 a%?+3b+2

Y Top arapiias’ asipz - arenot Laurent polynomials.

--- are Laurent polynomials.

*

1D .. are units. (only monomials are units.)
23p2’ 45 : y )

3b 1-c3
2, ;, a+b,

+1, a?b,

*

5 - are not units in K.
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definition2

—_

* Ina commutative ring K, f € K is called irreducible when it holds
thatif f = gh (g, h € K), then g or his a unit of K],

* Ex.) Inthering K =Z [a*, b*], the Laurent polynomials a?,
a2 —op2 tb a3+2b? 3a?+2ab+b?+3
" a?’ a?p3’ ab?

# Ex.) Inthe samering K, the Laurent polynomials 6, a® — b?,
a?+2ab+b?% a3+b3-3ab+1

a
bz’

3,

are irreducible.

are not irreducible (reducible) , because

a3b? ’ ab’s
2 2
_ ] 2 2 ] a“+2ab+b _ ] a+b
6=3-2, a“—b*=(a+Db) (a—b),T—(a+b) PERY
a3+b3-3ab+1 a?+b%-2a-2b-2ab+1
n =(a+b+1)- .
and e (a+b+1) e

#  [#] By this definition, a unit is irreducible in this talk.
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definition3

——_

* Inacommutativering K, f € K and g € K are said to be co-prime
when the following condition is satisfied: if f and g is decomposed
asf = f,hand g = g,h (f1, 91, h € K), then his a unit.

14+2b2 1-a?
and

azb ab?

# Ex.) In the Laurent polynomial ring K = Z [a%, b*],

2

1+a+b+ab and 1-a
a’b ab?

1+a+b+ab 1+b 1-a? 1-a
T = (1 + a)?and b2 = (1 + a)?

are co-prime, but are not co-prime because

* Ex.) A unitis co-prime to any element of K.
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definition4

—_

* Arational function f € Q (a, b, ¢, ...) is decomposed as f = ;—;
(fi, f» € K :=Z[a*, bE, c%,...] ) where f; and f, are co-prime in K.
This decomposition is unique up to units. Suppose that f = %
and g = g—:With this decomposition, then we say that f and g
are co-prime when f3, f>, g1, g, are mutually co-prime in K.

* Ex.)Let fi= alz:;b, g:= %, L= 12:22;22, then fand g are

co-prime, but fand h are not co-prime because they have
common factor 1 + a?.
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Sketch of the proof of proposition1 (y = 2)

\

1. By variable transformation x,, = % , (#) turns to the SOMOS4*
n+2

sequence: Yni2Vn—2 = Yn+1Yn—1 + (Yn)?
2. SOMOS 4 has Laurent property in connection with cluster algebra**.

3. Using the key lemma (shown in the next slide), we can prove the
irreducibility of terms as functions of initial variables.

4. By inverse transformation of variables, we complete the proof.

NOTE: For y=1, (#) turns to the SOMOS5 sequence.

*cf.) [Hone-Swart 2008], **[Fomin-Zelevinsky 2002]
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key lemma for the proof of irreducibility

Lemma 1 [Mase 2W
[ 3 ‘

Let {py,p2, ...,Pn} and{qq,q,, ..., q,} be the sets of variables:
() j pj€ Z[qi, -+, ai] as a function of {q1, 2, ..., 4},

(i) 'j q; € Z[pi, -+, piF] as a function of {py, s, ..., Pn},
(ii) q; isirreducible as an element of Z[pli, o p,i—’]

If f€ Z[pli, p:ﬂ is an irreducible Laurent polynomial and another

Laurent polynomial g € Z[qi—’, ---,q;ﬂ satisfies g(q1, .-, qn) = f (D1, ) Pn)-
Then g is decomposed as

9 =p'p; Py G(q1, ) Gn)
where r,1,,...,1, € Z and g(q4, ---,qy) is an irreducible Laurent polynomial.

NOTE: When {p;} and {g} are cluster variables which are mutually convertible
by mutation, they satisfy conditions (i) and (ii).
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Example of the key lemma (SOMOS4)

‘\

*

P = (P1,P2,03,P1) = (V2, V3, Y2, V5),
q = (q1,92,93,94) = (Y1, Y2, Y3, Y1),
p € Z[q*] and, due to the symmetry of SOMOS4, q € Z[p*].
Furthermore q is irreducible w.r.t. p.

“ fp) =9(@) =y
2
« f(p) = ysysﬁ is irreducible in Z[p*]
2
* From the lemma1, g(q) = y&g'(q). (9'(q) = g'(¥4, .., ys) irrd. and

a is a nonnegative integer.)

* Puttingy, =y, =y3 =y, =1,ys = 2,y, = 3. Hence, we have
3 = 2% X integer, which means yj is irrd. w.r.t. q.

*

*
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.’
* Conjecture

For a rational mapping x,+1 = R(Xn, Xp—1, .., Xn—1) , to pass
SCT is equivalent to the following property;

There exists a positive integer M and whenever |n —m| = M,
X, and x,,are co-prime as rational functions of initial variables

{XO, X1y o xl}.

NOTE: (1) The property in the above conjecture is claimed to be a
mathematical reinterpretation or definition of singularity confinement.
(2) We also claim that it gives a criterion related to integrability.

(3) The above conjecture is extended to partial difference equationin a

straightforward manner.

2014/12/20
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Nonlinear dKdV equation

Discrete Korteweg-dM
‘

1 1 6 t+1 t _ 2 t

t
time evolution. T I:l

t Red point is determined by 3 white points. S
N
o - _ fut 0

I, =Set of initial L, = {wg, wy)| t € Zsy,n € Z0}
Ol values Example) wl = a,w) = b,w? = c,w} =d,wé =
o e, 6 =1,

wl = 2a Wz _ 2d(2—ad+ab)
17 2—agd+ab’ "1 = (2-de)(2—ad+ab)+2ad’
o| A
. . . 1 2b(2—ad+ab)

Evolution direction wy =
A N N A A (2+bc)(2—ad+ab)+2ad
A4 A4 A4 A4 G1T~7 n

We do not have Laurent property.
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Theorem 1 (dKdV eq.)

i

Two terms wi, w3, of (nonlinear) dKdV has the following property:
They are rational functions of I, and co-prime with each other if
In —m| = 2 or|s —t| = 2is satisfied.

(This means the only factors they can have in common are monomials of initial
variablesin I, .)

* Theorem 1 [Kanki-Mada-Mase-T2014]

(Key point) If two terms are separated by more than one cell,
information on the zeros or poles do not propagate.

i.e., Re-formulation of SC in terms of “co-primeness”.
(Note1) The result is also true on the field of positive characteristic.
(Note2) It holds for the b.c. {w¢ = 1}, where I, = {wl,n € Z,}.
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Discrete Toda equations

* Discrete Toda equation:

I =L+ W =Vt (D

Vt+1 _ Iﬁ+1V1€ (2)
n - I‘rt:-L+1

((nt) ezZ? ILVEEK)

Boundary conditions:
1. Semi-infinite (V} = 0),
the set of initial variables : I, = {12,V n € Z.,}
2. Dirichlet (Vf = Vi, = 0),
Ly ={I3,V%1<m<N+1, 1<n<N}
3. Periodic (Wt = Vi v IE =15,
Ly ={1,V%1<n<N+1)}
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Boundary conditions and the set of initial variables

‘\

Semi-infinite lattice Dirichlet lattice Periodic lattice

| — T —o

o~
/[~ 7~ 77~
AN AN
N NN N

l
:

o]

T. Tokihiro, Theree days Painleve2014, Rome Tre Univ., Italy 22 2014/12/20



\

« Toda equation has a bilinear form: tft1¢i™1 = ¢tt17t21 + (¢4)2

t Tho1Th - t The1Thod
with I = "=~ and Vyy = 7.
ThTn-1 Tnln

* For the periodic b.c., to avoid a trivial solution, we have to use
the following equation instead of Eq.(1): It = VF + I8yt

where
N t t t t ¢ ¢ "
Yt =(1— Hl=—1V 1+ V-1 + Vii—1Vn—2 4ot VE_ Vi Vg
n — V. it It it gt 6 gt gt
i=1"1 n-1 n-1n-2 n-1n-2""n+1

* For Dirichlet b.c. and periodic b.c., the direct relation to cluster
algebrais not clear.
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remark 2 (7 function for the periodic boundary
condition)

‘\

* For the periodic boundary condition, we have to consider the
following equation for the - function:

/12
e = (1-2) rhteld + ()
« with boundary condition 7}, y = Ku"A't},
+ where K = [T, (1 IO)N = [T, V21 and p =TI, 1D

* To avoid a trivial solution, we have to consider

7i)

2 ()2
1 N-1 T
* Tt _Tn+1[ 2101:1::1"'

Tt [=n+1t-1t-1
l i+1 l l+1
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Theorem (dToda eq.)

‘\

* Theorem 2 [Kanki-Mada-T 2014]

Terms I,%, Iffz, Vnt:, V,,f:of dToda eqgs have the following property:
They are rational functions of I,, and co-prime with each other if
|ni —n;| = 3 or|t; — t;| = 2is satisfied for those three types of
boundary conditions.

(This means co-primeness holds for the boundary conditios where we do
not have the direct relation to the cluster algebra.)
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Hietarinta-Viallet equation

\

* Hietarinta- Viallet (HV) eq. : Xp41 = —Xpn_1 +x, +

(xn )2
* HV eq. passes SC test, but is proved nonintegrable (chaotic).
Algebraic entropy, S , is proposed as a measure of
integrability[Hietarinta-viallet1998].
S = Airgo %log d,,  d,:degreeof x, (nthiterate)
* If S = 0, the map is integrable w.r.t. algebraic entropy, and non-
integrable if S > 0.

S = log 3+V5

2

>0 for HV eq.
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Generalisation of HV equation

\

 Generalisation of HV equation (GHV eq.):

1
Xn+1 = —Xp—1 + Xp41 + Gk (k=234,..)

* Theorem 3 [Kanki-Mase-T]
If k is an even integer, terms x,,,, x,, of GHV eqs. satisfy co-primeness
when |n —m| > 4. If k is an odd integer, there is no co-primeness.
The degree of x,, satisfies
dpy1 = (k+1Dd, — (k+ 1)d,,_, — d,_3 (k:even)

dptr = (k+1)d,, — kd,—, (k:odd)
* Algebraic entropies are givenas § = ity (kz_l)(k+3) for k even,

andas S = ferke(kt) “k2(k+4) for k odd.
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—_

v<We demonstrate that irreducibility and co-primeness could
be an integrability criterion by an example of nonlinear
mappings.
v This criterion is a mathematical reinterpretation of SC.
v We examined typical integrable partial difference

equations and found that they have these properties
irrespective of the boundary conditions.

» Future problems: construction of new PAEs w.r.t. co-
primeness, relation to other integrbility criterion, application
to integrable cellular automaton, finite fields etc.

T. Tokihiro, Theree days Painleve2014, Rome Tre Univ., Italy 28 2014/12/20



references

[1] ] Kanki M, Mada J, Mase T, Tokihiro T 2014, Irreducib
integrability criterion for discrete equations. J. Phys. A: Math.

[2] Kanki M, Mada J, Tokihiro T 2014, Singularities of the discrete KdV equatlon and the
Laurent property, J. Phys. A: Math. Theor. 47, 065201 (12pp).

[3] Grammaticos B, Ramani A and Papageorgiou V 1991, Do integrable mappings have the
Painlevé property?, Phys. Rev. Lett. 67, 1825-1828.

[4] Ramani A, Grammaticos B and Hietarinta J 1991, Discrete versions of the Painlevé
equations, Phys. Rev. Lett. 67 1829-1832.

[5] Fomin S, Zelevinsky A 2002, Cluster Algebras I: Foundations, J. Amer.Math. Soc. 15, 497-
529.
[6] Fomin S, Zelevinsky A 2002, The Laurent phenomenon, Adv. Appl. Math. 28, 119-144.

[7] Mase T 2013, The Laurent Phenomenon and Discrete Integrable Systems, RIMS
Kokyuroku Bessatsu B41, 43-64.

[8] Quispel G R W, Roberts J A G and Thompson C J 1989, Integrable mappings and soliton
equations Il, Physica D 34, 183-192.

[9] Hone AN W, Swart C 2008, Integrality and the Laurent phenomenon for Somos 4 and
Somos 5 sequences, Math. Proc. Camb. Phil. Soc. 145, 65-85.

[10] Ramani A, Grammaticos B, Satsuma J 1992, Integrability of multidimensional discrete
systems, Phys. Lett. A 169, 323-328.

[11] Hietarinta J, Viallet C 1998, Singularity confinement and chaos in discrete systems,
Phys. Rev. Lett. 81, 325--328.

T. Tokihiro, Theree days Painleve2014, Rome Tre Univ., Italy 29 2014/12/20



«

+*Thank you!
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