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All solutions to the Painlevé I, II and IV equations are meromorphic func-
tions. The method of isomonodromic deformations provides an exhaustive de-
scription of their asymptotic behavior at infinity. In contrast, it is little known
about analytic structure of the solutions in bounded domains of the complex
plane. Namely, there are non-trivial facts about dynamics of the movable poles,
emergence of rational and truncated solutions and various patterns formed by
the poles.

A number of numeric experiments has been done recently to reveal and visu-
alize these phenomena. Here we discuss a method based on Padé approximations
which exploits the invariance of Painlevé equations under Mobius transforma-
tions [1]. The method gives recurrent continued fraction representation avoiding
traditional Taylor series expansion of the solution. It works pretty fast on a PC
computer and produces hundreds of poles in reasonable time. Moreover, since
all solutions are meromorphic, this continued fraction is convergent and gives
arbitrary good approximation in any compact domain.

The higher-order approximations allow to check asymptotic expansions at
infinity and estimate the range of asymptotic domains. The Coulomb gas inter-
pretation of the pole ensembles is discussed in view of the patterns arising in
Painlevé IV transcendents [2].
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Painlevé equations

u_ =6u’+z, PI
u, =2u’ +zu+a, Pl
2
U 3
== +—u3+4zu2+2(22—a)u+£, PIV
2u U
du
where u_ = Z and z,u€C. «,p - arbitrary constants.
4

Theorem [1]. Any solution u(z) of PI, Pll and PIV is a meromophic function
in the complex plane C .

The poles are “movable’, i.e. their positions depend on the constants
of integration, or initial data u(z,), u_(z,) .

(lp, Painlevé, Bull.Soc.France, 28, 201-261 (1900); A.Bolibruch, A.lts, A.Kapaeyv, Algebra and
Analysis, 16, 121-161 (2004); A.Veselov, J.Phys. A, 34, 3511-3519 (2001)



Isomonodromic deformations and Painlevé property

L M Y, =¥, el =
e U_=zu—+2u
S S \P(/I,X)—)e 237 /1_>OO ==
3 2
Y soonos = ] [10) | uzd)=lim w4, 2)e"
0 1 Sy 1

S S6 s - .
5 Si3 =—S,, k=123, u(z;s) S8 =(5,,5,,5;):

Ls L, S, =8, +8;+5.,5, =0 S| =8, +83+5,5,5, =0}

Theorem. (Bolibruch-Ilts-Kapaev) For any pointS there exits a countable subset X 3
of the z-plane such that

« RHis solvable for z ¢ X. B
‘¥, (1,2) e*?are holomorphic in Q, x(ClX.) and meromorphic along ,xX;

C¥ (A2 =143 D g e,
=

* u,(z) are holomorphicin C\X;

Corollary. Any solution u(z;S)  is meromorphic in z. The set of poles coincide
with X.



Numeric tool: Padé approximation

Let f(z)be a meromorphic function, z =0 is not a pole. Then it has

main diagonal Padé approximation

P, (2)
Oy (2)

f@=2 i =

. B(@)-f(2)0y(2)=0(z*"""),z >0

Theorem [2]. For any compact domain 2 and & ,0>0
there exists N, such that

Py(2)- f(2)Qy(2)| <&, zeD

except a set of measure O .

Starting from initial point z, one can find solution of
Painlevé equation in any compact domain D.

(21, Nuttall, J. Math. Anal. Appl., 31, 147—153 (1970)..

Why main diagonal?

Poles (blue) and zeroes
(red) of a PII function




Continued fractions for Painlevé functions

Q: How to find singularities (poles) of a Painlevé function?
A: For large | z | by Isomonodromy Method, else - numerically

Main diagonal Padé approximation u(z) = o
as continued fraction: 14 az
o,z
1+—2
I+...

The idea of algorithm: an invariance of Painlevé equations under Md&bius
transformation.

(A+Bu)u! +(C+Du)u! —2B(u;)2 +E+ Fu+Gu’ + Hu’ =0,

au+
p retains the form of equation.

where A...H are polynomials of z, and y —
yu+o0

No need to find Tailor expansion!



The Fair-Luke algorithm [3]

> then

o
Let u,=
! 1+Zun+1

(4, +Bu,)u. +(C,+D,u, )u, —2B, (u, )2 +E +Fu +Gu’°+Hu’=0,

and the recurrence holds
An+1 = _An - aan’ Bn+1 = _ZA

n?o

A +a B
Cn+1 :_2&_(:‘71 _anDn’

z
M+3£+2Fn +a,G,,
Z (04

n

D, =24 -zC, F,  =-

n+l

E’”l =z (a”_lE” +F:1 +anGﬂ T aan)’ Hn+1 = an_lzzAna
G,,=2z"4,-C, +z(3a,'E,+F,),
E,.(0)
where «,,, =——2——.
F:’H-l (O) ao I)n(Z)
u(z) ruy(z)= o =
— 1+712 Qn (Z)
Set u,, =0, then .
1+—2
I+...

BIW.Fair, Y.Luke, Math.Comp. v.20 (1968), p.602-605



Poles of Pl solutions in the complex plane

. 1
= 0:3

u_ =6u’—z Pl equation

44

Pl general
solution

* All solutions are meromorphic
» The poles accumulate along the rays

e e
g

16 > _' . i 272‘1‘
Pepeelf | argz =", =042, 240

at smooth lines of poles
1-truncated

solution RNy * Intégrale tronquée: no poles at infinity
I ’ along one critical ray (say, along argz=0 )

* Intégrale tritronquée: no poles at infinity

along three consecutive rays_[4]

» Asymptotics at infinity:

3-truncated \ u(z) = i\/%(l + 0(2_2)), z —> +oo,

solution

[4]'P Boutroux,. Ann.Ecole Norm., 30 (1913) 265 - 375.




Poles of Pll solutions in the complex plane

_ 3 :
U, =zu-+ 2u PIl equation

Pll generic
solution

e The poles accumulate along the rays

argz:%n, n=0,%1,£2. Z —» +00

e 1-truncated solution: no poles at infinity along

one critical ray
e 2- and 3-truncated solution: no poles at infinity

along 2 or 3 rays [5]
e Asymptotics at infinity:

u(z) = 8\/§+0(zl), z—>+4wo, &=-1,0,1.

PIl 1-truncated
solution

PIl 3-truncated
solution

BIP.Boutroux,. Ann.Ecole Norm., 31, (1914) 99--159.



Pll equation. A zoo of truncated solutions

Hastings-McLeod 2-truncated

B

3
u, =zu+2u Pure imaginary 3-truncated

. 2
u(z) ~ ﬂsm@z” +%lnz+ﬂj,

i

Z — —00, a,felR




Pll equation. A zoo of truncated solutions (continued)

3 Ablowitz-Segur 1-truncated
u_ =zu—2u R

u(z) = %@@(-%z”j, z —> +oo,
z

u(z) = sin| —(—z)""—=b"log(—2)+8 |,
(2) = ( 3( ) 2 g(=2)
Z — —00, a,b,0 e R /.
complex-valued 1-truncated
| \ -
u_ =zu+2u | P

4 = 2 NS [

—Z a 2 3 |
u(z)~ ,|— +——=exp| —=z , Z —> —00, |
(2) ,/ > T p[ 3 j :

u(z) zi\/g-i—isin —223/2 —éb2 logz+¢9j, z —> +00,
2 Yz 3 4




Riemann-Hilbert problem

or Isomonodromic Deformation Method

Y, = —((41'/12 +iz +2iu’)o, + 4uc,A +2u_o, )‘P,

u_=zu+22u’ <
VY, =(—ido, +u(z)o,)¥

Z.

i C W, A, AeT
4‘ Jj s Z e , , c ;
S; S, |
r g .3“ S . T]+1(192):TJ(Z,Z)S], ]:1’2,...,6
s, s, 1 s Lo
/ \‘ SZk — 2k , Szk_l _
0 1 Sary 1
I r

. _4ip3 i S; =S8, +8;+5,85,8;, =0,
uz)= —}IILIOIO[ALP(H)(/LZ)Q 3 ' Si="8, Jj=123.

J+3 J

Hastings-McLeod solution s, =—1,5, =0, 5, =5, =i



Singularities of the complex manifold PlI

Potential function ' = S, — S, +S3 + 55,55

Manifold F=0

oF
Singularities 8_ =0, j=12,3

S

Singularity manifold P,= {S [1s,8, ==L} Uis;s; =1}
Ufs,sy =—1}U{s, =0}, j=123}

S
2 Manifold P2 in local chart is

S, +.5,
Sy = for real-valued s =(s,5,,5;)
15,5,

5,8, =1




Examples of singularities

P> = {S [ {818, ==L Uiss; =11 Uds,s, =—1JUds, =0}, j=12, 3}

1-dim submanifold 0-dim submanifold 0-dim submanifold

s,=0,5 =-5,€C s, =*i, s,=%Fi, 5,=0 5, =8, =8, =i

Ablowitz-Sequr solution Hastings-McLeod solution 3-truncated solution

1-truncated 2-truncated 3-truncated

S. Olver & T. Trogdon, Constr. Approx. 39: pp 101-149 (2014).



Isomonodromic deformations for Pl

2 .
u, = 6u”~ +2z Plequation

f‘Pl: u, QAP +2ud—z+2u° v T,
2(A—u) —u, ! =k "
2 ¥ -
0 A+2u \ 8 %
Y. =- 1 0 Y. The Lax pair I, S, "4 E
“ S S
1 /11/4 11/4 S.4 g §
Y, (4,2)~ —{ s ! Al o, Ael, | , <
\/5 y) _)-1/4 E 8
1 O : o
0(),z) = %/15/2 A o, = [0 J’ Riemann-Hilbert problem

1 sy 1 0
LIJ/ﬁLl(ﬂ“’Z):\Ijk(ﬂ'aZ)Ska ler/y S2k—1:(0 1 j’ Sa :(S J

2k

i 1 1 1
Inversion formula u(z) = 0 lim 42 1 AW 2)e MO ]
O | iow NOAUES! )

Monodromy data . .
y s =S Sj+5=l(1+Sj+2Sj+3), j=0,%1



Singularities of the complex manifold Pl

S +8,+5,85,85, —1
Potential function 1 3 1°2°3

—

F=|s,+s,+5,858, —i

Manifold P, F=0

Sy 85 +8,8,8; —1

Singularities —=0, j=12,....5

Pi= {S 18,8, =1} U is,s, =1}
Uis,s, = =1} Uis,s; =—1}
Ufs; =0}, j=12,...5}

Manifold Pl in local chart s =s(s,,s;) is

[—S, 1S,
) S4_1
+S2S3

, Ss=1i(l+s,s;)

s,=8,=1, §+s,=i, s,=0 if 1+s55=0




1 1
U =zu+2u’ u(z):g—%g—252+053+0(5)4,gzz—a—>0

zZ

Theorem. 1) All truncated solutions of Pll <= singular submanifold P,

2) 1-truncated solutions < 1-dim submanifold

3) 2,3-truncated solutions <) 0-dim submanifold

Idea of the proof Equations for poles a and parameters b = %cﬂ +40c
+
j J164* +8a2* +bd A =2zn+In 122
—5,8;
3 mmnel’.
T 2 > 1+s;
| V164* +8a2> +bdA=27m+In ,
4 — 8183

If 1-55,=0 or 1+s;=0 then a—0%0 and poles vanish!

A.V.Kitaev, Russ. Math. Surv., 49, 77-140 (1994).



Proof of the Main Theorem

Letu(z) be truncated in Q,and s ¢ P>, then in this sector [2]

1+s7 20

_(a _ ip/2 2 % 32 00
u(z) = (A, —A)e zsn(3(ﬂ1+/%)[e z +z]|fcj, | z|=> o, =55 %0

- ' 2
where ¢ =argz, K=2] Aj, =Loutriov+o(), L<argz<n,
¢ =arg a1a ATpoHT (), —-<arg
2
,U=L.log Its | V:L_k,g _5Es | Boutroux problem
2ri 1-s,5, 27i 1-s,5,
1
dA P+ A =——e",
r Dz = .[ \/22 2y( 12 2N S 2
3 T, ( _ﬂ’l )( _XB ) Im J \/(12_112)(12—232)011:0,
Q, . ..‘. A —0, @—)%e””,as > 7,
) . 1 2z
i ® As—>—=, a8 @—>—.
Lo TN Prove that a line b2 3
i of poles crosses I/

[2] A.S.Fokas, A.R.lts, A.A.Kapaev and V.Yu.Novokshenov, Painlevé Transcendents.
The Riemann-Hilbert Approach, AMS Monograph (2006)



Proof of the Main Theorem (continued)

Limit case near I';, 2 0, ,13_)Lem'/3 k-1, KX, Kt

\/5 ’ 2 g

Lattice of poles g(ﬂ“ +ﬂg)[e_mam,n3/2 +y]=2Kn+2iK'm, nmeZ.

from Jacobi sine

K =2"5 0, K =2t5 i

o, ,, ZZE NIESTOAS

h
where > 7

4 (3ni
Finall a a |=—Cm+ \/Eln—+ —+v |72+ 0(), &—0.
y oAl @ | = =B+ 1) . (2 j 1)

. Take n=1, m — +oo then this line of poles crosses FZ

LY Contradiction with assumption that u(z) is truncated inQ,




Proof of the Main Theorem (continued)

Sufficiency follows from Lemmas

Lemma 1. [3] In the case of s, =0 the PIl solutions have the regular asymptotics
in the sectors Q, UQ,

i[@(—(ﬂ)Sl B ‘9(§0)S3 ] Z_1/4e—§z3/2

u(z) = 2\/;

(1+0(z17)), z—>,

0, ¢<0, Q,
1
where ¢ =argz, —F<argz<% and 0(p)= 5 ¢=0 o
5
L >0,

Lemma 2. [3] In the case of 1+5,5, =0 the PIl solutions have regular asymptotics

in the sectors €2, V<,

.
LR
LY

[3] A.A.Kapaev, Phys.Lett. A, 167, 356-362 (1992)



“No extra poles” conjecture

Let the poles of a truncated solution z,,|z, >1 lie in the critical sectors Q,.
Are there any extra poles outside of these sectors?

Conjecture. All poles of 2- and 3-truncated solutions lie in the critical sectors.

P| 3-truncated Pll H-M 2-truncated Pll 3-truncated

0O.Costin, M. Huang & S. Tanveer, Duke J. Math, 163 (4), 665-704 (2014).



Proof of the (half) conjecture for H-M solution

u_ =zu+ 2u’, Hastings-McLeod solution

u(z) > Ai(z), z—>+o where Ai(z)- Airy function

Fredholm determinant representation

2

d
C@=—shEE, BE)=d () oy~ K

Ai(x)Ai'(y) — Ai'(x)Ai(y) - Airy kernel

X—Yy

KAi(xs y) =

Theorem (M.Bertola, [6]). The determinant F,(z) does not vanish as
|arg z |[< /3 and the estimate holds

4
‘K <exp(——Rez3/2)
Ly[z.%) 3

Ai [z,0)

[eIM.Bertola, Nonlinearity 25 (2012) 1179--1185



Formation of patterns: two 1-truncated solutions of PI

42 u0)=1, u'(0)=u,, ~1.8182750515636
u 2

5 = 61/[ + Z, ,

dz u0)=1, u'(0). u,, ~2.7655981573583

u(t) heaven’ solution u(®) hell” solution

- R
mr&% \ i S -
| | oy
T
e i
. t=Rez
N | . I . 1
“~ B _8 _6
05
t=Rez
-1.0
1 : ‘ |
-10 h ) _4




u,(0)=1
u/(0)=1.8182750515636

‘heaven’ solution’



u,(0)=1
u/ (0)=1.82




u,(0)=1
u/(0)=1.90




u,(0)=1
u/(0)=2.0




u,(0)=1
u/(0)=2.2




u,(0)=1
u/(0)=2.6




u,(0)=1
u/(0)=2.7




u,(0)=1
u/(0)=2.76




u,(0)=1
u/(0) =2.7655981573583

‘hell’ solution



A family of 1-truncated solutions?

1,(0)=1 u, (0)=1
u/(0) =1.8182750515636 u/(0) =2.7655981573583
u, (0)=1 u(0)=1

u/(0) =2.7655981573583 u (0)="?

. etc

How to find all 1-truncated solutions of PI?



Transition towards rational solutions

u, =zu+2u’ +n Yablonskii-Vorob’ev polynomials [8]
d z z 2 _4 N A
un(z):_lnyn—l( ), yn+1: yn (ynyn ynyn), y():l) ylzz.
dz  y,(z) y

y,(z)=z2"+4,
y,(z) =z° +20z° - 80,
y,(2)=(z" +60z° —=11200)z,

Forn=odd u,(0)=0, u,(0)=0

Poles of u,(z) solution What is the distribution of poles while

ul0)=¢, u'(0)=¢, -0

[8] A.l.Yablonskii, Vesti Acad.Nauk BSSR, v.3, 30-35 (1959); A. P. Vorob’ey, Diff.Uravneniya, v.1, 79-81 (1965).



u_ —zu+2u’ +«a

a="1
u(0)=.1
u'(0)=.1

Ry Lo
AV

f
e/



u_ —zu+2u’ +a

Z:

a="7
u(0)=.01
u'(0)=.01




u_=zu+2u’ +a

Z:

a="7
u(0)=.001
u'(0)=.001



u =zu+2u’+a

zzZ

a="7
u(0)=.0001
u'(0)=.0001

® L
" ®
® - -
® [ ]
®
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®
L
E-]
e ®
o
1 y
\, e Y /
\ /
® 3\ i e
\ p
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e Yoo o
d o
/ \
/ 0 e
o ]
/fd \

I &
;/J - V‘\
/ e %

\
* .
°
e
L ®
®
L ] L ]
= ® ®
®



u_=zu+2u’ +a

a="7
u(0)=.00001
u'(0)=.00001




Formation of patterns: PIV equation

2

u. 3 b
U, =—= +—u3+4zu2+2(22—a)u+—
2u 2 u
ug=-2,u1 =8
3 I ‘ s
u(0) =u, e . i .
uz(o):ul 2; ’ - o o
a=10 . 8 g )
b:_l 1 . & L .
uo __2 ¥ . - " :
u] :8 O, ® & o *
o], [ ® - . °
Deformation rule: i 5 . o
u,—u, =const | ) . i .
737 ! p M | e
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3 2 2
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2

zz
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Formation of patterns in PIV

= uZZ g 3 2 (22 —Cl)l/t-l-é e -yt O as il
2u 2 u :
u0)=u,, u (0)=uy, R R
Asymptotics near the origin @ BE SR R FEd
u(Z):U(Z)+ZU1(Z)+..., Z_)O | @ 66 e 66 G d|6 o6 68 &8 o |
Equation for the leading term 1 Aot hd ik A i inlaha
2 © © g © 6 0 8 S o ® o & o0 o © o
u f ]
U2 =U*-4aU* +cU +b, c=u—1—u3—au0—b T B
0 2 -1 0 1 g

Elliptic two-period function

z =
j\/U4 4aU2+cU+b




Formation of patterns in PIV

=—=+—u +4zu +2(z —a)u+—
2u u

zz

Rational solutions u(z) = _%Z n Q',(2)

30,0

Q,(z)— Okamoto polynomials, z, - zeroes

1
Stieltjes relation Z
j#k Zp T Z;

Coulomb charges in external field

U z—%zk:i +Zlog(zk —Z].)

k#]j

Equilibrium state - a hexagonal lattice

How to extend Stieltjes relation on infinite set of poles?

—z, =0, k=12,...

n

0.0

0.5

up =10, =1,a=3, b=1
T ) T T

L L S T M I I
0.0 0.5 1.0 135

0,(2)
n=6



Open questions

- Proof of the “no extra poles” conjectures for 2- and 3-
truncated solutions

* Transition between truncated solutions

* Formation of patterns in lattices of poles

e Scaling limits of polynomials £,(z) which form rational
solutions as » —>o and z—>ow

» Study of PIlI, PV and PVI poles structure
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