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Introduction

In the 18th, 19th and 20th centuries, several problem of
mathematical physics were described by linear differential
equations of the Il order.

The solutions to these ODEs define classical special functions
(Bessel, Airy, hypergeometric, etc)

Over the years, they have been tabulated in handbooks (see the
Bateman Project, and Handbook of Math. Functions, Abramowitz
and Stegun).
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Introduction

Around the middle of the 20th century, Painlevé functions,

re-appeared in integrable systems as the non linear special
functions.

Example: Wu, McCoy, Tracy, Barouch (1976) Spin-spin correl.
funct. 2-D Ising model
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Introduction

Painlevé functions: the core of modern special function theory

o Algebraic Geometry (Frobenius Manifolds, Quantum
Cohomology)

@ Number Theory and Combinatorics
( Statistics of zeros of ((z) function, 8z = 1/2. Ulam's
problem [Tracy-Widom 1999 ~].)

@ Random Matrices

e Asymptotics of Orthogonal Polynomials
@ Non linear PDEs
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Introduction

Painlevé functions: the core of modern special function theory

Painlevé Project: We need an organization and tabulation of the
properties (algebraic, analytic, asymptotic, numerical) of the
Painlevé functions. NIST Digital Library of Mathematical
Functions, (http://dImf.nist.gov/)

Davide Guzzetti SISSA, Trieste Table for PVI



The Sixth Painlevé Equation

d2y 171 1 1 dy \ 2
W_§[;+y—1+y—x] (dx) +

1 1 1 d
B [;+X—1+y—X] di—l_
y(ly —1)(y — x) X x—1 x(x —1)
e A v A ]

Complex constant coefficients «, 3,7, 6 € C,

Singular points x =0, 1, oo.
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General solution depends on two integration constants ¢, ¢:

Y(X) ZY(X; C1,C2)-

e Painlevé property = the critical points of the general solution
(essential singularities, branch points) are x = 0,1, 0o, determined
by the equation.

e A generic solution of PVI is not a classical function
(Painlevé Transcendent).

Classical function = Rational, Algebraic, Contour integral of rational and
algebraic functions, Solution of linear homogeneous ODE with rational
coefficients, Solution of algebraic ODE of | order (rational coeff), Elliptic
functions, etc. [Umemura 1987-'90]
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Why special functions?

Painlevé property = a solution y(x) can be analytically
continued to the universal covering of P'\{0,1, o}, as
meromorphic function.

[Miwa, Malgrange, (using isomonodromy deformations)|

The universal covering of P1\{0, 1,00} is
determined only by the equation, not by the integration constants.

Fundamental property of linear equations!
This makes Painlevé transcendents special functions.
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What does it mean that we know a special function?

1) Explicit critical behaviours = the behaviors of a transcendent
y(x) at singular points x =0, 1 and oo

( (0) (0))

yo(x, ¢ 7, ¢ x — 0

y()~q nlg’.dY),  x—1

(00)  _(o0)

| Yoo(X, 0777, 6577), x — 00

vu(x, cf”), c2(”)) — an expansion (convergent or asymptotic),

or the leading term, for x — u € {0,1,00}.

Explicit = each term of the expansion is a classical function of
( (u) (U))_

X,¢ ", G
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What does it mean that we know a special function?

ii) Explicit connection formulae.
Two critical points:u, v € {0,1, 00}, u # v,
and corresponding critical behaviors.

y(x) ~ yulx, i ),

y(x) ~ yo(x, e ),

Connection Formulae

(4) ()

G _C2V(C1 s € )

iii) The distribution of the movable poles.
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Tabulation for PVI

Contribution to the Painlevé Project:

Tabulation of Painlevé 6 transcendents y(x)

Tables we have today provide:
o Critical behaviours with (convergent) expansions at
x =0,1, occ.
@ Connection formulae.

e Correspondence:
Critical behaviours of the y(x)'s «—— Monodromy Data
associated to y(x).

Reference: D.G. Nonlinearity 25 (2012) 3235-3276.
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Tabulation for PVI

The tables collect several results:

— M. Jimbo (1982)

— S. Shimomura (1987)

— P. Boalch (2005)

— K. Kaneko (2006)

— D. G. (2002-2006-2008-2011/12)

These tables agree with the expansions obtained by means of
Power Geometry [Bruno-Goryuchkina]
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How a ta

ble looks like...

Rew > 0.

3242 D Guzzetti
Free |Other
Complex power behaviours Param. | Conditions
@6y = 2 x" Z Cum(@x®)" o |0<%o <1, o #Th
paut '
ot (1 4 0%, 110,
«
O<flo =<1
= a#0|2¢o870 = poc.
x [r—’— 0 pe u+:u":|+(7(x7').
a
o =0
28425 1 —
=l co= 8 Pos # 2eos T XS, 2,
207 Pox € (=00, =2},
-
Basic solutions
i i o > ~1, o= Xk & 2,
YO =Y x" Y Gunlax)" f > o= ¢
v m Bhsis (11 or (10).
- 1 i 2 B A 2
cn= L O = @ |poc=2cost Bl # %2,
1 i) T RO e Po: #5 7
If a = 0, y(x) reduces to (42) (Mo, M) reducible.
Basic solutions
o o # 0.
Yy =dot 3 ") Ao (@x)" o=0h, 1, Bp> 1,
e )
(52 JEr T . a (@, ¢2. 0k is3).
doo = TV = e dhy, di .
Poe = =2cos W, # £2.
I£ @ = 0, y(x) reduces to (53 .
=0, y(x) reduces to (53) (M, My, M) reducible.
a=0,
¥ € (~00,0L Iy ¢ Z.
= A = /27 sen(R/2P),
(57 Ld,.m(ux")”) o |0V s
=

Pos = —2c0s /27 # £2.

| (M Mo, M) reducible.
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Trieste

‘Tabulation of Painlevé 3243
| Free
Inverse oscillatory behaviours Param | Other
oo o
sy ] 0}, 2iv £ 9F,.
Sr 5 ] ve RO 24,
. , 2cosh2my = —po,.
50 in@vlnx+ )+ B+ 00N | 4
Por < =2,
+ B2, Por # —2c0s w0,
. 2iv = Qf, € iR\{0),
y(x):[——-————ﬁ - rax W LY o
e+ (=Y @ is (12).
54 st o a e eoenat <
m(a.r”“’)""] Ppox = —2cos Q< ~2,
o (M My. My} reducible.
Free
“Taylor expansions Par | Other conditions
- J— L\/_A
0 R e — Bux” “TE+ (TS e 2.
Y= __.._‘_uﬁg x VI ) 3¢ 2.
42 Y =0iff=0 Poe = 2c0s B # 2,
This is (41) whena = 0 (Mo, M) reducible.
&) o VAT =N#0
@5 ¥ =y b +ax™e 3 pan or
=l n=i¥ie2 NEE-JTT B =N 40
and
0. ~1,-2,... N}
a - N <0
VTEPEN o L2 M
N0
or
Iz + /2y e - V)
NN # 0.
pox = 2c0s N =
(Mg, M} reducible.
3(x) =ax+ala—D{y
6w = a
by(ayx"
+Z o (Mo, M) reducible.
yx) = a0, VIa+ (-} ¢ 2.
3) Poc = ~2cosmQ, # 2.

Basic Taylor
This is (52) when a = 0

(M, bo. M) reducible.
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“Tubulation of Painlevé 6 transcendents

3244 D Guazzetd
i
YOy = 3 b+ ax™ Va4 J57 = N #£0 Wiet
(613 myer o e S o o)
= ylx) = byx"+(a+bylnx)x
+ Y bt HZZ(:) n
e ~
- i + 3 Plnx
;fzy LN} N<O | 59 Vil a 0 —1.... NN <1
b N>0 : e CLNEN S
by = N Y2 0. 1. N ifNZ1
w#t0 « - N 2o
Basic Tash 2"‘ on when N = 1 (BB VT=28, 35 - JT=55)
asic Tayfor solution when N = ANy £ 8 or N#0 Poy = —2cosTN = £2.
Zeos TN = %2,
Po = =208 (M, Mo, M) reducible.
(M. Mo, M) reducible.
yxy=a+ (= @)~ Bix
o Free
(O x a
*);”"‘““ Inverse logarithmic behaviours Param. | Otber conditions
Basic Taylor sotution ] o
{ yor) = {u:ﬁ;m«l“me.ﬁ)x“] a=y#0.
@ Con NP | B e
Logarithmic behavi . = gz || <,0(,,;,)] {M, My, My) reducible
ogarithmic behaviours Par. | conditions Other T [ F 0l
184
YEy =Y bux™+ (@ + by lnx)x ¥ i - 2
2 (a+bypjer Inx), N W Y v = e T e
i or i - a#y
+ Py(lox; a)x" e (64) + ) Pai(inxg a;x"} a Pox = .
/T3 - ST
(43) | Nis2 a M w=t 10 reduc. subgroups.
28 =25 — Lif N 2 7 2 1
= et O Ey
G-wmixl fx %
and
3. Table 2: Critical behaviours when & — 1
e y@) =(at I BInx)x . Table 2 provides the critical behaviours (7) at = = 1. The branch cut may be taken fo be
< X WN, HNKO —m < arg (1 - x) <.
£y Pnxiax", N=0. o, 1. N0 .
=~ & The table is constructed from the table at x = 0 by Okamoto’s transformation (66}, in the
Basic solution when N =0 Vi £ 2y & Ny. following way:
o = 2c05 TN = 2, (@) PVl g,.0 is given, with cocfficients o, 8, ¥, & (or 8, 64, 81, 6uc)-
(Mo, M) rducible. ® Take PV .+ ith the coeffciets
o =a, B=-y, y=-B =38
) , .
v = [EL R s T (o = 01,0, =6, 6}
4 . and the variable £, and compute the critical behaviours yo(¢) for & — 0. The critical
(S04 2 ] a | pos =2 N
i ,}N 3 Bdins o e su behaviours at x = | for PV, g, 5 are then
HEToB [ 10 reduc. subgroups. [P Y
Basic solution This is why the behaviours in table 2 are numerated as in table 1, according fo the
behaviour of y0(§) from which they have been obtained.
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Description of the Tables

First element: critical behaviors. Three tables collect convergent
expansions of y(x) as x — 0, x — 1, x — 00 respectively.

This is a local problem — Local Analysis:
e Shimomura 1987
o Elliptic representation [D.G. 2001-2]]
o Power Geometry [Bruno- Goryuchkina (2010)]

@ Analysis of Schlesinger equations [Sato-Miwa-Jimbo '79,
Jimbo '82] — Method of Monodromy Preserving
Deformations.

No time to describe them all. We describe Schlesinger equations...

Davide Guzzetti SISSA, Trieste Table for PVI



PVI is equivalent to the Schlesinger equations (1912) for 2 x 2
matrices Ap(x), Ax(x), A1(x)

dAO . [AX7A0] dAl . [AlaAX] dAX . _[A17AX] . [AlaAX]

dx x  dx 1—x ' dx X 1—x

Conditions on eigenvalues:

Eigen(Ao) = £600/2, Eigen(A1) = £601/2, Eigen(Ax) = £60,/2

0
Yoo 0
Awh%+AX=( 0 Q@>,9m#0
2

Eigenvalues are related to the coefficients of PVI:

Ll —1p g2l ool (Los) 2 lp
a—z(eoo 1)-, 6—290, 7—291, <2 5>—292.

Davide Guzzetti SISSA, Trieste Table for PVI



e The entries of the A;(x)’s are simple algebraic functions

of y(x), 2 and [*y(s)ds. [Jimbo-Miwa (1981)].
e Conversely

<(Ao),,
<[ (A009) , + (M) | = (A09)

¢ PVl is the isomonodromy deformation equation of a 2 x 2
Fuchsian system [Jimbo, Miwa, Ueno (1981)]:

dv Ao(x)  Ai(x)  Ax(x)
K:[ SR +)\—x] v

The monodromy of W(x, \) is independent of small deformations
of x.

y(x) =
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Critical behaviors

Lemma of Sato-Miwa-Jimbo '79 4+ Generalization on domains on
universal covering of a punctured neighbourhood of x =0

[methods in S. Shimomura '87, D.G. 2001].

o Let A), A2 and A? be constant matrices satisfying

Eigen(AJ) = +600/2, Eigen(A}) = £60;/2, Eigen(A,) = £6,/2

Oc
AY+ A + AD = ( : 90 ) O # 0.
2
@ Let A:= AJ + A2, with eigenvalues +2.

o€ C\(—o0,-1]U[1,+00), A#O0

Jordan form of A: (5 0 ) if o £0, (0 1) if o = 0.

0 —¢ 0 0
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Critical behaviors: Complex-power behaviours

By elementary algebra we find the explicit matrices A(6o, 0y, o, a),
A%(0o,0x,0,23), AY(01,0.,0,a), a=additional parameter.

Lemma: The Schlesinger equations have a unique solution with
convergent expansions for x — 0O:

=AY D) > AT LXT

n=1 m=—n

x M Ao(x +ZZAOm

n=1 m=—n

x My (x A°+ZZA

n=1 m=—n

og#0
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Expansions are convergent in a domain D(o, a) in the universal
covering of punctured neighbourhood of x =0

x| <r, |ax!T7 <, x'79/al < r.
Re(o)-1 Imoc arg(x)
r)
Inlx|

equations)],

Davide Guzzetti

[Shimoura '87, D.G. 2002 — use successive approximations for integral
SISSA, Trieste

O =y
Table for PVI




Logarithmic behaviours

For o = 0, we find logarithmic behaviours:

Ar(x) — AT,
x Ao (x)x" — A, x — 0 in a sector x"N = ((1) |n1X>
x M (x)xN — A,

Conjectural form obtained by matching methods (D.G. 2006) or direct
substitution:

AL(x) ~ AY+ > Py a(inx + a) x
n=1

x Mo(x)x" ~ A§+ ) Pon(inx+a) x", Py, polynomials.
n=1

x MA (X)X ~ A+ Z Py n(Inx + a) x"
n=1

Convergence is expected in a sector with central angle in x = 0.
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Basic expansions of PVI transcendents

This give basic expansions for x — 0 in D(a,c). Complex
integration constants are a,o.

e For o # 0 [complex power behaviours]:

y(x,0,a) = x(ax? + cro+ a1 —1(ax?)" ") + ZX Z Com(ax?)™,

m=—n

y(x,a) = x(c10 + ax7) + Zx” Z Com(ax?)™, if 0% = (0, £ 6p)3,
n=2 m=0

e For 0 = 0 [logarithmic behaviours]:

(x,a) = 9§—98(3+|nx)2_|_ % x+iP(InX'a)x”
yX7 - 4 98_9}2{ — n 1

y(x,a) = (a + Ggln x)x+ ZPn(In x;a)x", if 05=0> (a=r)

n=2
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Basic expansions

Remark 1: The above behaviours include Taylor series for special
values of a =0, or 6y = 0.

Remark 2: For x — 0 along a line
So arg x = Ro In |x| + Constant, in D(o,a),
y(x,0,a) = X{A sin(i o Inx + 6(a)) + B} +O(x%), o#0
A and B are constants fixed by the coefficients of the equation.

Remark 3: For x — 0 along a line

Soarg x = (Ro £ 1) In |x| + Constant, in D(o,a),

1
Asin(i(o = 1)inx + ¢(a)) + B + O(x)’

y(x,0,a) =
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Behaviours of y(x; © ) on the universal covering

Imo arg(x)
y(x)rv Asin(i(1-6)in(x)+0) +B+0(x)
-6
y(x)rvax
Inlx|
Y(x)r x[Asin(i In(x)+0) +

y(x)NaxG

y(x)

™ Asin(i (1+0) In(x)+ O+ B+0(x)
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1) Critical behaviours

From basic expansions — generate other critical behaviour making
use of the symmetries of PVI [K. Okamoto (1987)]:

0h =0 —1, 0. =01, 0, =0, 0_=0+1

Symmetry means that y’(x’) solves PVI with coefficients
0,0.,07, 0 if and only if y(x) solves PVI with g, 0y, 61, 0.

0»Yxr»%Y1r» Yoo
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e Example: from basic logarithmic behaviours

02 _ 62 02 00
y(x,a) = [ g 1 O(a+Inx)* + 7 _09)2(] X—I—nz_;Pn(lnx; a)x",
y(x,a) = (a + Ogln x>x + i Pna(In x; a)x", if 05 =02 (a=7)
n=2
we find
V(09 = -2 o )] g ea -1y

y'(x,a) = (0 — D)inx [1_ (00— Dinx  © (Inix>: 0= (0 — 1)
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Description of the Table for PVI -Nonlinearity 2012

This procedure generates all the table of critical behaviours for
x — 0. Five classes:

(1) Complex-power behaviors

(2) Inverse oscillatory bahaviors (with poles in sector)
(3) Taylor expansions

(4) Logarithmic behaviors

(5) Inverse logarithmic behaviors

When x — 1 and x — oo there description is similar. Use
symmetries

VXN=1-y(x), X =1-x, 0y==0y, 0;=0.

y/(X/) — _y(X)7 X = %7 9; — 917 9/1 — 9X°
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can read the first column of the table...

3242 D Guzzetti
Free |Other
Complex power behaviours Param. | Conditions
o0 "
Gex y) = Zx” E Cam(ax”y" o [0<%o <1, a# Eéa
== | mrmepl
-1 jmg o -
2L 00T 1Y),
O<fo <1
= az#012cosne = Po,.
cy
x [—'—‘ix“" + 10+ ax"} +0(xY),
a
Ro =0
of = 28+25— | . % 2cosTDE 42,
ey =1, o= Pos # i
20 Pox € (00, ~2].
[vmp-vT 3ot || (VT2 T3 o
€1~y = T
Basic solutions
T R R A
y(x) = an chm(axa)m . #8
ms=l om0 Zﬁﬁ is {1y or (100,
(A )w =5 ‘
e =1, £ a ng:Z(:oangE#iZ.

R v PP TG sy

If @ = 0, y(x} reduces to {42)
Basic solutions

(M, M) reducible.

(52)% o \[&_P(N)kﬁﬂ i ad dy =1 a (@, €Z. @, is(13).
NES Pox = ~200s TS, # %2,
If @ = 0, y(x) reduces to (33) (M, My, My} reducible.
a =0,
Y €(~00,0L V2 ¢ Z.
L |o= Vs,

l oo n
h ‘? g — e iy 1 1 d;”n I
(57 y{x) ax ( +Zx Z (ax“y

n==} m=(

)

Reo > 0.

Pox = —2008 742y # 2.
(M, My, M) reducible.




Digression:

The behaviours above agree with the behaviour of PVI 7 function
in terms of conformal blocks

d
x(x — 1)d—T = (x — D)trApAx + x trA1 Ay,
X
- (U—I—n)z—ﬁ—ﬁ
7(x) = const E Cn(o, a)x 4+~ % B(o 4 n; x)
n=-—00

B(o + n; x) = (1 — x)%01/2 (1 + i Bi(o + n)xk>
k=1

= Conformal blocks of Virasoro algebra with central charge ¢ = 1. They
are explicitly computable in closed form.

Cn(o, a) explicit ratio of Barnes G-functions.

O. Gamayun, N. lorgov, Shchechkin, O. Lisovyy, J. Teschner, Y. Tykhyy,
M. A. Bershtein (2012 ~ )).
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|l part: Connection Formulae

PVI is the isomonodromy deformation equation of a 2 x 2 Fuchsian
system of ODE

dur__[Ao Ar Ax:]w

I DD D

Recall that:

Eigen(Ag) = £60/2, Eigen(A;1) = £601/2, Eigen(Ax) = £0,/2
_ 0
Ao—f—Al—l—AX:( 02 0(30), 0 # 0.

_ 1 2 _
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Monodromy Data

3 W(x, A) with monodromy matrices My, M, My independent of
small deformations of x.

V(A x) — V(A x)Mp,
V(A x) — V(A x)M,,
V(A x) — V(A x)My,

Moo .= MlMXMo

Ao(x), A1(x), Ax(x) corresponding to My, M,, M; is a x-curve, given
by a Painlevé VI function y(x). [Jimbo-Miwa].
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Monodromy Data

Monodromy data:
© :={(0, 601, 0x,0s) € C* | O £0}/ ~ .
Equivalence ~is: 0, — —0y, 0 — 2 — 0.

M =
{(Mo, My, My) | TrM,, = 2cos7f,,, n=0,1,x,00}/conjugation

Definition: The monodromy data of the class of Fuchsian systems,
with the basis of loops ordered as in figure, are elements of the set

M:=0UM.

Davide Guzzetti SISSA, Trieste Table for PVI




Monodromy Map

y(x) — system 9% = A(x, \)¥ — monodromy data M.

f : {y(x) (branches of) solutions of PVI} — M, Monodromy Map

e 1) f is injective if restricted to
f~1(subspace of M where Mg, My, My, My # 1).

@ 2) If the group generated by My, M,, My is irreducible then
good coordinates on M are

HO,HX,Hl,HOO, pij = Pji ‘= TI’M,'MJ', I 7&_/ c {O,X, 1}

Only two of pox, px1, po1 are independent (cubic relation)
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Connection Problem

If 1) and 2) hold, then for
y(x) = yu(x, cl(u), céu)), x —ue€{0,1,00}

we parametrize the integration constants:

{ Cl(U) C%U)(emexagla9007P0X7px1)

C2(U) G )(9076X79179007POX7PX1)

Conversely, if 2) holds:

Pox = pOX(907 9X7 917 9007 Cl(U)7 C2(U))

Px1 = pX1(607 9X7 917 9007 Cl(U)7 C2(U))

Po1 — p01(907 9X7 917 9007 Cl(U)7 CQ(U))

These formulae are computed explicitly by asymptotic
computation of monodromy matrices My, M., M.
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Connection Problem

Consider the formulae for x — v € {0,1, 00}

Pox = pOX(H()) 9X7 917 9007 Cl(U)7 CZ(U))

Px1 = pxl(907 0X7 917 9007 Cl(U)7 CEU))

Po1 = p01(007 9X7 917 0007 C£U)7 CEU))

and, also for x — v € {0,x,1}, v #u,

(v) (v)

) = ) (8, 04, 01, o, Pox. P1)
G =6 (9079X79170007POX7PX1)

Combining, we find explicit connection formulae between
integration constants at v and v
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Connection Problem

Example: [D.G. 2006] An example of Taylor expansions

y(x,a) = +ax + O(X2),

1 - 900
Integration constant in terms of monodromy data:

2(0se — 1)
where
. 0, [2 cos(m(0xo + 0x)) — Po1]
2 [cos(w(@oO —0y)) — cos(m(0 + QX))] |
[]
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Connection Problem

Example: [Jimbo (1982), Boalch (2005)]

y(x,0,a) ~ax?, x—0

1
o = —arcos (pox)
T

a = Ratio of Trigonometric and I' functions of g, 0, 01, 0, Po1, Px1

[

o Please, refer to D.G. Nonlinearity 25 (2012) 3235-3276 for the
collection of all connection formulae, obtained by
Jimbo/Dubrovin-Mazzocco/Boalch /Kaneko/Guzzetti.
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Now you can read third column of Table + Connection Formulae...

3242 D Guzzetti
Free |Other
Complex power behaviours Param.| Conditions
fe o) I3
(B8 yl) = Zx” Z Comn (2" )™ g [0<%o <], o3 Egg
n=l s
Ll (4 042 2,
a
0 <o <1
= az012¢cosm0 = po.
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If & = 0, y(x) reduces to (42)
Basic solutions

SISSA, Trieste Table for

o 7
_V(I) = dt')(} + an den (&x,ﬂ)m

(Mg, M) reducible.

p:Q’;y-—l, Ro = ~1,

=1 =l

(52)% i ﬁ_}_(w)kﬁ’ G adly dy=1 a (R, ¢Z 9 is(13)
Ja Pox = ~2€08 }'TQ’;V # &2,

If @ = 0, y(x) reduces to {53} (M, Mo. My) reducible.

o =10,

¥ € (—00,0L Iy ¢ Z.

} N—" w = /2y sgniM/Zy),

{57y v{x) = Ex"'” (1 + gx" den (ax"’)’”) a V2 sgn(2y)

m=l

Hew > 0.

Pox = —2008TA/2y # £2.
{M, My, M) reducible.




Behaviour on the Universal Covering of x =0

Consider again y(x, 0, a) on D(o, a).

COSTOo = pox IS invariant for o — Uﬁ = +o0 + 2N, N e Z.

We conclude (see D.G. Comm. Pure Apl. Math (2002)) that
y(x,0,a),  associated to pox, px1, Po1

has behaviours
+ 4+
Y(Xa Opn s C7/\/)

on the union of domains

Note: also a changes to ay,.
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Imo arg(x)

Inlx|

Along directions of boundaries: y(x)
Dots are poles.

1

T AL sin(i(1£0 ) In x40 )+BE +0(x)
Davide Guzzetti
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The poles lie along spirals in the universal covering of

U={xecC|0< |x| <maxyry} (upto a fixed "big" N).
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For "o = 1: two sequences of poles accumulating at x = 0 when
we project to the x plane [D.G. Physica D (2012)]

A

(x) = 1
YVI= Asin(winx + ) + B+ O(x)

veR, o=1+v.
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Completeness of the Table

The table is complete (= contains all possible behaviors)

if and only if

f:{y(x) in the table} — M is surjective.

We are able to compute explicitly formulae

Pox = pOX(907 9X7 917 9007 C](_U)7 C2(U))
Px1 = le(HO7 9X7 917 9007 C](_U)7 C2(U))
Po1 = p01(907 9X7 917 9007 C](_U)7 C2(U))

So we can study f({y(x) in the table}) C M.
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Completeness of the Table

We write

M= M,UM,;
M, :={ monodromy data s.t. < My, My, M1 > s reducible}.
M; = { monodromy data s.t. < My, M,, My > is irreducible}.

@ All transcendents s.t. M, are known, expressed in terms of
Hypergeometric functions, and are contained in the table (see
Reviews of Gromak-Laine-Shimomura (2002), and Clarkson
(2006).

o In Appendix of Nonlinearity 2012 structure of f(solutions in
the table such that the monodromy group is irreducible) is
analysed...
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Conclusion

Summary: We have:
@ The critical behaviors and their complete tabulation.
@ The corresponding connection formulae.

@ Local picture on universal covering, and asymptotic
distribution of the poles.

Conformal blocks representation may help to find " closed forms”
of relevant transcendents (ex. associated to Frobenius manifolds,
quantum cohomology, etc) [to be done...]

For review: D.G.: Constructive Approximations (2014).
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Thank youl!
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