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Cenni di cristallografia
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Cristalli
Cristallo o solido cristallino:

ordine a lungo raggio (su distanze macroscopiche).

Solidi disordinati su lungo raggio, ma ordinati a corto raggio (distanze 
interatomiche): amorfi.

Monocristallo:	 	 solido composto da un unico cristallo.
Policristallo: 	 	 solido composto da numerosi grani cristallini.
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Sometimes the external conditions at a time of solidification
(temperature, pressure, cooling rate) are such that the resulting materials
have a periodic arrangement of atoms which is interrupted randomly along
two-dimensional sections that can intersect, thus dividing a given volume of
a solid into a number of smaller single-crystalline regions or grains. The size
of these grains can be as small as several atomic spacings. Materials in this
state do not have the lowest possible internal energy but are stable, being in
so-named local thermal equilibrium. These are polycrystalline materials.

There exist, however, solid materials which never reach their
equilibrium condition, e.g. glasses or amorphous materials. Molten glass is
very viscous and its constituent atoms cannot come into a periodic order
(reach equilibrium condition) rapidly enough as the mass cools. Glasses
have a higher energy content than the corresponding crystals and can be
considered as a frozen, viscous liquid. There is no periodicity in the
arrangement of atoms (the periodicity is of the same size as the atomic
spacing) in the amorphous material. Amorphous solids or glass have the
same properties in all directions (they are isotropic), like gases and liquids.

Therefore, the elements and their compounds in a solid state, including
silicon, can be classified as single-crystalline, polycrystalline, or amorphous
materials. The differences among these classes of solids is shown
schematically for a two-dimensional arrangement of atoms in Fig. 1.4.

1.2. Crystal lattices and the seven crystal systems

Now we are going to focus our discussion on crystals and their structures. A
crystal can be defined as a solid consisting of a pattern that repeats itself
periodically in all three dimensions. This pattern can consist of a single
atom, group of atoms or other compounds. The periodic arrangement of
such patterns in a crystal is represented by a lattice. A lattice is a
mathematical object which consists of a periodic arrangement of points in
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Cristalli
Cristallo o solido cristallino:

ordine a lungo raggio (su distanze macroscopiche).

Solido cristallino: periodicità nella struttura.

Esiste un pattern che si ripete con regolarità.

Pattern: singoli atomi, gruppi di atomi ordinati, composti.
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Reticolo cristallino

Reticolo: ente matematico. Sistemazione periodica di punti nello spazio. 
Ogni punto del reticolo ha identico intorno.
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Reticolo cristallino

Reticolo: invarianza traslazionale discreta.
È rappresentabile mediante vettori di traslazione.
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Reticolo cristallino

Reticolo: invarianza traslazionale discreta.
È rappresentabile mediante vettori di traslazione.

Scegliendo uno dei punti del reticolo come origine, ogni altro punto del 
reticolo è identificabile mediante:
�⇥
R = n1

�⇥a + n2
�⇥
b + n3

�⇥c

ni = 0,±1,±2, ...con interi

e i vettori a, b, c sono i vettori di traslazione.

6 Fundamentals of Solid State Engineering

all directions of space. One pattern is located at each lattice point. An
example of a two-dimensional lattice is shown in Fig. 1.5(a). With the
pattern shown in Fig. 1.5(b), one can obtain the two-dimensional crystal in
Fig. 1.5(c) which shows that a pattern associated with each lattice point.

A lattice can be represented by a set of translation vectors as shown in
the two-dimensional (vectors and three-dimensional lattices (vectors

in Fig. 1.5(a) and Fig. 1.6, respectively. The lattice is invariant after

translations through any of these vectors or any sum of an integer number of
these vectors. When an origin point is chosen at a lattice point, the position
of all the lattice points can be determined by a vector which is the sum of
integer numbers of translation vectors. In other words, any lattice point can
generally be represented by a vector such that:

where are the chosen translation vectors and the numerical
coefficients are integers.

All possible lattices can be grouped in the seven crystal systems shown
in Table 1.1, depending on the orientations and lengths of the translation
vectors. No crystal may have a structure other than one of those in the seven
classes shown in Table 1.1.
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A few examples of cubic crystals include Al, Cu, Pb, Fe, NaCl, CsCl, C
(diamond form), Si, GaAs; tetragonal crystals include In, Sn,
orthorhombic crystals include S, I, U; monoclinic crystals include Se, P;

Sistemi cristallini
Tutti i reticoli esistenti in 3D possono 

essere raggruppati in sette sistemi in base a: 
lunghezze degli assi a, b, c, angoli α, β, γ.

lunghezze degli assi angoli fra gli assi

Cubico a = b = c α = β = γ = 90°

Tetragonale a = b ≠ c α = β = γ = 90°

Ortorombico a ≠ b ≠ c α = β = γ = 90°

Trigonale o romboedrico a = b = c α = β = γ ≠ 90°

Esagonale a = b ≠ c α = β = 90, γ = 120°

Monoclino a ≠ b ≠ c α = γ = 90° ≠ β

Triclino a ≠ b ≠ c α ≠ β ≠ γ ≠ 90°
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Reticoli di Bravais

I diversi reticoli esistenti, 
rappresentati dai sette 
gruppi menzionati, 
corrispondono a 
quattordici reticoli 
specifici, detti
reticoli di Bravais: 
esistono solo 14 differenti 
maniere di disporre i 
punti in uno spazio (3D) 
in modo che ogni punto 
abbia un intorno identico.
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Cella unitaria

Reticolo: sistemazione periodica di celle identiche, che riempiono l’intero 
spazio senza lasciare vuoti. Una cella siffatta è detta cella unitaria.

La scelta della cella unitaria non è univoca, e diverse scelte dalla cella 
unitaria possono fornire celle di volume differente.

Fundamentals of Solid State Engineering8

triclinic crystals include trigonal crystals include As, B, Bi; and
hexagonal crystals include Cd, Mg, Zn and C (graphite form).

1.3. The unit cell concept

A lattice can be regarded as a periodic arrangement of identical cells offset
by the translation vectors mentioned in the previous section. These cells fill
the entire space with no void. Such a cell is called a unit cell.

Since there are many different ways of choosing the translation vectors,
the choice of a unit cell is not unique and all the unit cells do not have to
have the same volume (area). Fig. 1.7 shows several examples of unit cells
for a two-dimensional lattice. The same principle can be applied when
choosing a unit cell for a three-dimensional lattice.

The unit cell which has the smallest volume is called the primitive unit
cell. A primitive unit cell is such that every lattice point of the lattice,
without exception, can be represented by a vector such as the one in
Eq. ( 1.1 ). An example of primitive unit cell in a three-dimensional lattice is
shown in Fig. 1.8. The vectors defining the unit cell, are basis lattice
vectors of the primitive unit cell.

The choice of a primitive unit cell is not unique either, but all possible
primitive unit cells are identical in their properties: they have the same
volume, and each contains only one lattice point. The volume of a primitive
unit cell is found from vector algebra:

Possibili scelte per la cella unitaria 
in un reticolo 2D.

Fi
gu

ra
 d

a 
M

. R
az

eg
hi

, F
un

da
m

en
ta

ls
 o

f 
So

lid
 S

ta
te

 E
ng

in
ee

rin
g,

 K
lu

w
er

, 2
00

2

Una cella unitaria può contenere più punti reticolari.
Spesso si considerano celle unitarie cubiche per praticità.
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Cella primitiva
La cella unitaria con volume minimo è detta cella primitiva.

Ogni punto del reticolo è rappresentabile da un vettore
I vettori a, b, c che definiscono la cella sono detti vettori di base del reticolo. 

�⇥
R = n1

�⇥a + n2
�⇥
b + n3

�⇥cCrystalline Properties of Solids 9

The number of primitive unit cells in a crystal, N, is equal to the number
of atoms of a particular type, with a particular position in the crystal, and is
independent of the choice of the primitive unit cell:

Wigner-Seitz cell. The primitive unit cell that exhibits the full symmetry
of the lattice is called Wigner-Seitz cell. As it is shown in Fig. 1.9, the
Wigner-Seitz cell is formed by (1) drawing lines from a given Bravais
lattice point to all nearby lattice points, (2) bisecting these lines with
orthogonal planes, and (3) constructing the smallest polyhedron that
contains the selected point. This construction has been conveniently shown
in two dimensions, but can be continued in the same way in three
dimensions. Because of the method of construction, the Wigner-Seitz cell
translated by all the lattice vectors will exactly cover the entire lattice.

A primitive unit cell is in many cases characterized by non-orthogonal
lattice vectors (as in Fig. 1.6). As one likes to visualize the geometry in
orthogonal coordinates, a conventional unit cell (but not necessarily a
primitive unit cell), is often used. In most semiconductor crystals, such a
unit cell is chosen to be a cube, whereas the primitive cell is a
parallelepiped, and is more convenient to use due to its more simple
geometrical shape.

Fundamentals of Solid State Engineering8

triclinic crystals include trigonal crystals include As, B, Bi; and
hexagonal crystals include Cd, Mg, Zn and C (graphite form).

1.3. The unit cell concept

A lattice can be regarded as a periodic arrangement of identical cells offset
by the translation vectors mentioned in the previous section. These cells fill
the entire space with no void. Such a cell is called a unit cell.

Since there are many different ways of choosing the translation vectors,
the choice of a unit cell is not unique and all the unit cells do not have to
have the same volume (area). Fig. 1.7 shows several examples of unit cells
for a two-dimensional lattice. The same principle can be applied when
choosing a unit cell for a three-dimensional lattice.

The unit cell which has the smallest volume is called the primitive unit
cell. A primitive unit cell is such that every lattice point of the lattice,
without exception, can be represented by a vector such as the one in
Eq. ( 1.1 ). An example of primitive unit cell in a three-dimensional lattice is
shown in Fig. 1.8. The vectors defining the unit cell, are basis lattice
vectors of the primitive unit cell.

The choice of a primitive unit cell is not unique either, but all possible
primitive unit cells are identical in their properties: they have the same
volume, and each contains only one lattice point. The volume of a primitive
unit cell is found from vector algebra:

2D 3D

La scelta della cella primitiva non è unica, ma ogni scelta conduce a celle primitive di stesso 
volume (minimo):
Il numero di celle primitive in un cristallo (N) è indipendente dalla scelta della cella primitiva, 
e pari al numero di atomi di uno specifico tipo.
Il volume V della cella primitiva vale: V = volume del cristallo / N.

V = |�⌅a · (
�⌅
b ⇤�⌅c )|
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Cella di Wigner-Seitz
La cella di Wigner Seitz ha la simmetria del reticolo. Essa viene ottenuta:

1– tracciando le linee fra un punto di un reticolo di Bravais e tutti i vicini;
2– tracciando i piani perpendicolari a dette linee passanti per il punto mediano di ciascuna linea;

3– selezionando il poliedro più piccolo ottenuto dall’intersezione di questi piani, contenente il punto dato.
10 Fundamentals of Solid State Engineering

A conventional unit cell may contain more than one lattice point. To
illustrate how to count the number of lattice points in a given unit cell we
will use Fig. 1.10, which depicts different cubic unit cells.

In our notations is the number of points in the interior, is the
number of points on faces (each is shared by two cells), and is the
number of points on corners (each point is shared by eight corners). For
example, the number of atoms per unit cell in the fcc lattice

is:

Esempio di cella di 
Wigner-Seitz in 2D
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1.6. Space groups

The other type of symmetry in crystal structures, translation symmetry,
reflects the self-coincidence of the structure after the displacements through
arbitrary lattice vectors (Eq. ( 1.3 )).

These symmetry operations are independent of the point symmetry
operations as they do not leave a point invariant (except for the identity).
The combination of translation symmetry and point symmetry elements
gives rise to new symmetry operations which also bring the crystal structure
into self-coincidence. An example of such new operation is a glide plane by
which the structure is reflected through a reflection plane and then translated
by a vector parallel to the plane.

With these new symmetry operations, a larger symmetry operation
group is formed, called space group. There are only 230 possible three-
dimensional crystallographic space groups which are conventionally labeled
with a number from No. 1 to No. 230.

1.7. Directions and planes in crystals: Miller indices

In order to establish the proper mathematical description of a lattice we have
to identify the directions and planes in a lattice. This is done in a crystal
using Miller indices (hkl). We introduce Miller indices by considering the
example shown in Fig. 1.23.

Indici di Miller
Problema: identificare i piani in un cristallo.

Si usano gli indici di Miller (hkl).

Esempio: il piano considerato 
intercetta gli assi in 2a, 3b, 2c. Si 
forma il rapporto degli inversi dei 
coefficienti di a, b, c, e si esprime 

come rapporto fra [i più piccoli] interi:
1
2

:
1
3

:
1
2

= 3 : 2 : 3

Gli indici di Miller per il piano sono 
allora: (hkl) = (323).

Se il piano interseca l’origine (0), si 
considera un piano equivalente 

ottenuto per traslazione.
Indici negativi sono indicati con una 

barra soprasegnata: (hk̄l)
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1.6. Space groups

The other type of symmetry in crystal structures, translation symmetry,
reflects the self-coincidence of the structure after the displacements through
arbitrary lattice vectors (Eq. ( 1.3 )).

These symmetry operations are independent of the point symmetry
operations as they do not leave a point invariant (except for the identity).
The combination of translation symmetry and point symmetry elements
gives rise to new symmetry operations which also bring the crystal structure
into self-coincidence. An example of such new operation is a glide plane by
which the structure is reflected through a reflection plane and then translated
by a vector parallel to the plane.

With these new symmetry operations, a larger symmetry operation
group is formed, called space group. There are only 230 possible three-
dimensional crystallographic space groups which are conventionally labeled
with a number from No. 1 to No. 230.

1.7. Directions and planes in crystals: Miller indices

In order to establish the proper mathematical description of a lattice we have
to identify the directions and planes in a lattice. This is done in a crystal
using Miller indices (hkl). We introduce Miller indices by considering the
example shown in Fig. 1.23.

Indici di Miller (2)
Problema: identificare le direzioni in un cristallo.

Si usano gli indici di Miller [uvw].

Una linea retta che passi per l’origine è 
data dalla notazione [uvw], dove u, v, 

w sono i più piccoli interi per cui u:v:w 
è pari al rapporto delle lunghezze delle 
componenti (in unità di a, b, c) della 

linea retta.

Indici negativi sono indicati con una 
barra soprasegnata:

Esempio: l’asse a ha indici [100],
la retta –a ha indici 

[ūvw]

[1̄00]
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volume to that of the unit cell, and yields:

Example
Q: Determine the packing factor for a face-centered cubic

lattice.
A: Let us consider the fcc lattice shown in the figure below,

and an atom located at one corner of the cubic unit cell.
Its nearest neighbor is an atom which is located at the
center of an adjacent face of the cubic unit cell and

which is at a distance of where a is the side of the

cube. The maximum radius r for the atoms is such that

these two atoms touch and therefore: There

are four atoms in a fcc cubic unit cell, so the maximum

volume filled by the spheres is The

packing factor is calculated by taking the ratio of the

Fattore di riempimento
È la massima frazione del volume disponibile [in una cella unitaria] 

che può essere riempito con sfere rigide impenetrabili.
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Esempio 1: reticolo cubico semplice. 
Distanza fra due atomi primi vicini: a.
Massimo raggio delle sfere (=atomi): a/2.

volume della sfera

volume della cella
=

4
3�

�
a
2

⇥3

a3
=

�

6
� 0.52

Esempio 2: reticolo cubico a corpo centrato.
Distanza fra due atomi primi vicini (uno sull’angolo e uno al centro del cubo): √3a/2.
Massima distanza fra i centri delle sfere (=atomi): 2r=√3a/2.
Due atomi per cella.

volume della sfera

volume della cella
= 2 ·

4
3�

��
3a
4

⇥3

a3
=

�
⇤

3
8

⇥ 0.68

Esempio 3: reticolo cubico a facce centrate.
Distanza fra due atomi uno sull’angolo e uno nel centro della faccia: √2a/2.
Massima distanza fra i centri delle sfere (=atomi): 2r=√2a/2.
Quattro atomi per cella.
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total sphere volume to the that of the unit cell, and

yields:

The diamond structure has the face-centered cubic structure with a basis
of two identical atoms. The packing factor of diamond structure is only 46
percent of that in the fcc structure, so diamond structure is relatively empty
(see Problems).

1.9. Summary

In this Chapter, the structure of crystals has been described. The concepts of
Bravais lattice, crystal systems, unit cell, point groups, space groups, Miller
indices and packing factor have been introduced. The symmetry properties
of crystals have been discussed. The most common crystal structures for
semiconductors have been described.

Further reading

Holden, A., The Nature of Solids, Dover, New York, 1992.
Kittel, C., Introduction to Solid State Physics, John Wiley & Sons, New York, 1986.
Loretto, M.H., Electron-Beam Analysis of Materials, Chapman & Hall, London,

1994.
Lovett, D.R., Tensor Properties of Crystals, Institute of Physics, Bristol, UK, 1999.
Mayer, J.W. and Lau, S., Electronic Materials Science for Integrated Circuits in Si

and GaAs, Macmillan, New York, 1990.
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1.8.2. Zinc blende structure
The most common crystal structure for III-V compound semiconductors,
including GaAs, GaSb, InAs, and InSb, is the sphalerite or zinc blende
structure shown in Fig. 1.29. The point group of the zinc blende structure is

The zinc blende structure has two different atoms. Each type of atoms
forms a face-centered cubic lattice. Each atom is bounded to four atoms of
the other type. The sphalerite structure as a whole is treated as a face-
centered cubic Bravais lattice with a basis of two atoms displaced from each
other by (a/4)(x+y+z), i.e. one-fourth of the length of a body diagonal of the
cubic lattice unit cell. Some important properties of this crystal result from
the fact that the structure does not appear the same when viewed along a
body diagonal from one direction and then the other. Because of this, the
sphalerite structure is said to lack inversion symmetry. The crystal is
therefore polar in its <111> directions, i.e. the [111] and the directions
are not equivalent. When both atoms are the same, the sphalerite structure
has the diamond structure, which has an inversion symmetry and was
discussed previously.
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In the case of GaAs for example, the solid spheres in Fig. 1.29 represent
Ga atoms and the open spheres represent As atoms. Their positions are:

Ga: (0,0,0); (½,½,0); (0,½,½); (½,0,½); (½,1,½); (½,½,1); (l,½,½);
As: (¼,¼,¼); (¾,¾,¼); (¾,¼,¾); (¾,¾,¾).

1.8.3. Sodium chloride structure
The structure of sodium chloride, NaCl, is shown in Fig. 1.30. The Bravais
lattice is face-centered cubic and the basis consists of one Na atom and one
Cl atom separated by one-half the body diagonal of the cubic unit cell. The
point group of the sodium chloride structure is

There are four units of NaCl in each cubic unit cell, with atoms in the
positions:

Cl: (0,0,0); (½,½,0); (½,0,½); (0,½,½);
Na: (½,½,½); (0,0,½); (0, ½,0); (½,0,0).

1.8.4. Cesium chloride structure
The cesium chloride structure is shown in Fig. 1.31. It has a body-centered
cubic lattice and the corresponding Bravais lattice is simple cubic. The basis
consists of two atoms located at the corners (0,0,0) and center positions
(½,½,½) of the cubic unit cell. Each atom may be viewed as at the center of
a cube of atoms of the opposite kind, so that the number of nearest
neighbors or coordination number is eight. The point group of the cesium
chloride structure is
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1.8.5. Hexagonal close-packed structure
The simplest way to stack layers of spheres is to place centers of spheres
(atoms) directly above one another. The resulting structure is called simple
hexagonal structure. There is, in fact, no example of crystals with this
structure because it is unstable. However, spheres can be arranged in a
single hexagonal close-packed layer A (Fig. 1.32) by placing each sphere in
contact with six others. A second similar layer B may be added by placing
each sphere of B in contact with three spheres of the bottom layer, at
positions B in Fig. 1.32. This arrangement has the lowest energy and is
therefore stable. A third layer may be added in two different ways. We
obtain the cubic structure if the spheres of the third layer C are added over
the holes in the first layer A that are not occupied by B, as in Fig. 1.32. We
obtain the hexagonal close-packed structure (Fig. 1.33) when the spheres in
the third layer are placed directly over the centers of the spheres in the first
layer, thus replicating layer A. The Bravais lattice is hexagonal. The point
group of the hexagonal close-packed structure is The fraction of the
total volume occupied by the spheres is 0.74 for both structures (see
Problems).
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Zinc, magnesium and low-temperature form of titanium have the hcp
structure. The ratio c/a for ideal hexagonal close-packed structure in Fig.
1.33 is 1.633. The number of nearest-neighbor atoms is 12 for hcp
structures. Table 1.4 shows the c/a parameter for different hexagonal
crystals.
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Reticolo reciproco
Sistema reticolare: periodico

––> ogni grandezza fisica misurabile sarà periodica con stesso periodo.

Ogni grandezza periodica può essere espressa in serie di Fourier:
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3.4. Reciprocal lattice

In previous sections, we have introduced a wavenumber k to describe energy
states in a crystal. This wavenumber has the dimension of an inverse
distance and is related to the crystal momentum via Planck’s constant. So
far, the analysis was restricted to one dimension. Before moving to a three-
dimensional description, we need to introduce the concept of reciprocal
lattice or momentum space.

The motivation for developing this concept is to provide a space in
which the wavenumber can evolve, just as the position coordinates (x,y,z)
evolve in real space. The utility of the reciprocal lattice goes even beyond,
as it is constantly used when describing wave diffraction phenomena, e.g. x-
ray or electron wave diffraction. In this section, we will briefly discuss how
to construct this lattice from the real space lattice.

It is mathematically known that any periodic function can be expanded
into a Fourier series or sum. In a crystal lattice, all physical quantities have
the periodicity of the lattice, in all directions. Let us consider such a physical
quantity and denote it as From now, we will use a three-dimensional
formalism. This function can be expanded into a Fourier series:

where the vector is used to index the summation and the Fourier
coefficients This vector has the dimension of an inverse distance
and can take any continuous value and direction. Let us now express that the
function is periodic by calculating its value after displacement by a

lattice vector

which becomes:

Eq. ( 3.39 ) has to be satisfied for any given function which is periodic
with the periodicity of the lattice. This can be satisfied if and only if:

Dove      è un vettore di somma tridimensionale, e ha dimensioni [l]-1.
La medesima grandezza fisica deve essere invariante per una 

traslazione di un vettore di reticolo

�⇥
K

�⇥
R
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e questo richiede (se m è 
qualunque) che ciascuno dei tre 

termini nella somma sia un intero:
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for any lattice vector ( 3.40 ) is the major relation which allows
us to introduce the so-called reciprocal lattice in which evolve the vectors

What follows next is a pure mathematical consequence of Eq. ( 3.40 )
which is equivalent to:

where is an integer. Using the expression for       from
Eq. ( 1.1 ) of Chapter 1, we obtain:

where and are arbitrary integers which come from the choice of
the vector Because the sum of three terms is an integer if and only if
each term itself is integer, Eq. ( 3.42 ) leads us to:

Here, is not related to Planck’s constant.

Let us now define three basis vectors in order to express in
the same way as we did it for real lattice vectors in Eq. ( 1.1 ) of Chapter 1.
These basis vector define what we call the reciprocal lattice. Any reciprocal
lattice vector can thus be represented as:

From Eq. ( 3.43 ) and Eq. ( 3.44 ) we have:

or:

Si definisca un reticolo, detto reticolo reciproco, 
attraverso una base composta da vettori A, B, C t.c.
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Eq. ( 3.45 ) can be satisfied only when:

Eq. ( 3.46 ) defines the relation between the direct and

reciprocal basis lattice vectors, and gives the means to construct

from

These relations are a natural consequence of vector algebra in three
dimensions. The volumes that these basis vectors define in the real and
reciprocal lattices satisfy the relation (see Problems):

The concept of reciprocal or momentum space is extremely important
for the classification of electron states in a crystal. Indeed, there is no sense
in asking where an electron is the crystal because it is everywhere as it
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Si può allora costruire il reticolo 
reciproco (A B C) a partire dal 
reticolo diretto (a b c):

con hi = 0, ±1, ±2, ...     e
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cella nello spazio reciproco vale:
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the same way as we did it for real lattice vectors in Eq. ( 1.1 ) of Chapter 1.
These basis vector define what we call the reciprocal lattice. Any reciprocal
lattice vector can thus be represented as:

From Eq. ( 3.43 ) and Eq. ( 3.44 ) we have:

or:

Si vede immediatamente che, limitatamente ai reticoli (diretti) con celle parallepipede 
(ortorombico, tetragonale, cubico), il vettori di reticolo reciproco sono paralleli ai 
rispettivi vettori di reticolo diretto: a // A, etc.

con hi = 0, ±1, ±2, ...     e
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Eq. ( 3.45 ) can be satisfied only when:

Eq. ( 3.46 ) defines the relation between the direct and

reciprocal basis lattice vectors, and gives the means to construct

from

These relations are a natural consequence of vector algebra in three
dimensions. The volumes that these basis vectors define in the real and
reciprocal lattices satisfy the relation (see Problems):

The concept of reciprocal or momentum space is extremely important
for the classification of electron states in a crystal. Indeed, there is no sense
in asking where an electron is the crystal because it is everywhere as it

Si ha direttamente la proprietà: �⇤a ·�⇤A = 2�
�⇤
b ·�⇤B = 2�
�⇤c ·�⇤C = 2�

Si dimostra che, se d è la distanza interpiano del set di piani paralleli corrispondenti agli 
indici di        , e      è il versore ortogonale a detti piani, si ha:

ovvero più esplicitamente:

�⇥
K �n �⇥

K =
2�

d
�n

�⇥
Kh1,h2,h3 =

2�

dh1,h2,h3

�n
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Zone di Brillouin

Definizione. Zona di Brillouin: cella primitiva di Wigner-Seitz nel reticolo reciproco

Esempio 1D:

reticolo cristallino

reticolo reciproco

a

A
0

Prima zona di Brillouin.

Definizione. Prima zona di Brillouin: volume più piccolo racchiuso dai piani bisettori 
perpendicolari dei vettori di reticolo reciproco tracciati dall’origine.

K =
⇡

a
K = �⇡

a
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Zone di Brillouin: reticolo quadrato 2D

Figura da N. W. Ashcroft, N. D. Mermin, 
"Solid State Physics", HRW 

International Editions.
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Zone di Brillouin del 
reticolo reciproco

(3D)
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Cubico semplice
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Fig. 17 Brillouin zone for the simple cubic lattice. Some high symmetry points are indicated: 
r = 0 ; X = (27r/a)(l/2,0,0); M = (27r/a)(l/2,1/2,0); R = (27r/a)(l/2,1/2,1/2). 

5 Briiiouin zones 

The first Brillouin zone (or simply the Brillouin zone) of the reciprocal lattice has the 

same definition as the Wigner-Seitz cell in the direct lattice: it has the property that 

any point of the cell is closer to the chosen lattice point (say g=0) than to any other. 

The first Brillouin zone can be obtained by bisecting with perpendicular planes nearest 

neighbours reciprocal lattice vectors, second nearest neighbours (and other orders of 

neighbours if necessary) and considering the smallest volume enclosed. Similarly, the 

second Brillouin zone is obtained continuing the bisecting operations and delimiting 

the second volume enclosed (with exclusion of the first zone), etc. The shape of the 

Brillouin zone is connected to the geometry of the direct Bravais lattice, irrespectively 

of the content of the basis. We illustrate the construction of the first Brillouin zone 

with some examples. 

Brillouin zone for the simple cubic lattice 

The fundamental vectors in direct space of a simple cubic lattice are 

t i = a( l , 0,0) t2 = a(0,1,0) ts = a(0,0,1) . (23a) 

From Eqs. (18) we have 

gi = (27r/a)(l, 0,0) g2 = (27r/a)(0,1,0) ga = (27r/a)(0,0,1) . (23b) 

Thus the reciprocal lattice is still a simple cube, with edge 27r/a. 

The first Brillouin zone is indicated in Fig. 17. Points of high symmetry in the 

cubic Brillouin zone are indicated by conventional letters: F denotes the origin of the 

Brillouin zone; X is the center of a square face at the boundaries; M is the center of 

a cube edge, and R is the vertex of the cube. 

Il reciproco del cubico semplice è di 
nuovo un cubico semplice.
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Cubico a facce centrate

60 II GEOMETRICAL DESCRIPTION OF CRYSTALS 

Fig. 18 Brillouin zone for the face-centered cubic lattice (truncated octahedron). 
Some high symmetry points are: T = 0; X=(27r/a)(l,0,0); L=(27r/a)(l/2,1/2,1/2); 
iy=(27r/a)(l/2,l,0). 

Brillouin zone for the face-centered cubic lattice 

The fundamental vectors for an fee Bravais lattice are 

t i = | ( 0 , l , l ) t2 = | ( l , 0 , l ) t3 = | ( l , l , 0 ) (24a) 

By applying Eqs. (18), we have for the fundamental vectors of the reciprocal lattice 

(24b) gi = H![ (_ i , i , i ) g2 = H!L(i,_i,i) g3 = ^ ( 1 , 1 , - 1 ) 
a a a 

Thus the reciprocal lattice of an fee lattice is a bcc lattice. The Brillouin zone is the 

truncated octahedron shown in Fig. 18. 

Brillouin zone for body-centered cubic lattice 

The fundamental vectors for a bcc lattice in direct and reciprocal spetce are 

t i = ^ ( -1 ,1 ,1 ) t2 

and 

| ( 1 , - 1 , 1 ) t3 = | ( l , l , - l ) 

27r .̂  ^ ^. I'K ,^ ^ ^. 27r ,̂  ^ _. 
gl = —(0,1,1) g2 = —(1,0,1) g3 = — ( 1 , 1 , 0 ) . 

a a a 

The Brillouin zone is the regular rhombic dodecahedron shown in Fig. 19. 

Brillouin zone for the hexagonal lattice 

The fundamental translation vectors of the Bravais hexagonal lattice are 

t i = a ( i , ^ , 0 ) t2 = a ( - i , ^ , 0 ) t 3 - c ( 0 , 0 , l ) . 

(25a) 

(25b) 

(26a) 

Il reciproco del cubico a facce 
centrate è un cubico a corpo centrato.

Cerchiamone la Zona di Brillouin
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Reciprocal space to the FCC lattice

ï This is the first Brillouin 
zone of the FCC cubic 
lattice.  It has 14 sides 
bound by:

(2π/a)(+/-x +/-y +/- z) 4π/a

(8 of these vectors)

and

(2π/a)(+/-2x)
(2π/a)(+/-2y)
(2π/a)(+/-2z)

(6 of these vectors)
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Cubico a corpo centrato
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Fig. 19 Brillouin zone for the body-centered cubic lattice (rhombic dodecahedron). 
Some high symmetry points are also indicated: T = 0; AT = (27r/a)(l/2,1/2,0); P = 

(27r/a)(l/2,1/2,1/2); H=(27r/a)(0,1,0). 

Fig. 20 Brillouin zone for the hexagonal Bravais lattice. Some high symmetry points are 
also indicated: T = 0; P = (27r/a)(2/3,0,0); Q = (7r/a)(l, l/\/3,0); A = (7r/c)(0,0,1). 

and the fundamental vectors of the reciprocal lattice are 

Thus the reciprocal of the hexagonal lattice is still an hexagonal lattice. The Brillouin 

zone is shown in Fig. 20. 

Il reciproco del cubico a corpo 
centrato è un cubico a facce centrate.

Cerchiamone la Zona di Brillouin
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Reciprocal lattice to BCC lattice

ï This is the first Brillouin zone of 

the BCC lattice (which has the 

same shape as the Wigner-

Seitz cell of the FCC lattice).  It 

has 12 sides (rhombic 

dodecahedron).

ï The volume of this cell in 

reciprocal space is 2(2π/a)3, 

but it only contains one 

reciprocal lattice point.

ï The vectors from the origin to 

the center of each face are:

(π/a)(+/-y +/- z) (π/a)(+/-x +/-z) (π/a)(+/-x +/-y)
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Esagonale
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Fig. 19 Brillouin zone for the body-centered cubic lattice (rhombic dodecahedron). 
Some high symmetry points are also indicated: T = 0; AT = (27r/a)(l/2,1/2,0); P = 

(27r/a)(l/2,1/2,1/2); H=(27r/a)(0,1,0). 

Fig. 20 Brillouin zone for the hexagonal Bravais lattice. Some high symmetry points are 
also indicated: T = 0; P = (27r/a)(2/3,0,0); Q = (7r/a)(l, l/\/3,0); A = (7r/c)(0,0,1). 

and the fundamental vectors of the reciprocal lattice are 

Thus the reciprocal of the hexagonal lattice is still an hexagonal lattice. The Brillouin 

zone is shown in Fig. 20. 

Il reciproco del reticolo esagonale è di 
nuovo un reticolo esagonale.
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